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Abstract: The single-nucleon mean-field potential, in-medium nucleon—nucleon cross-sections, and initial density
distributions of nucleons are obtained from the Skyrme nucleon-nucleon effective interaction, which are self-consist-
ently used in the Boltzmann-Uehling-Uhlenbeck(BUU) transport model. The '*Sn+'**Sn and '>Sn+'"?Sn reac-
tions are simulated with BUU model using six sets of Skyrme parameters (SkI2, Gs, KDEOv1, NRAPR, BSk9, and
SV-mas08) that predict different stiffnesses of the symmetry energy for two opposite choices of neutron-proton ef-
fective mass splitting. It is found that the effects of the neutron-proton effective mass splitting on double neutron-
proton ratios are obvious at higher kinetic energies. In addition, among the six sets of interactions, the comparison
with NSCL experimental data indicates that double neutron-proton ratios corresponding to the KDEOv1 interaction

seem closer to the experimental data.
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1 Introduction

Heavy ion collisions(HIC) are the only methods of ar-
tificially generating hot and dense nuclear matter. Their fi-
nal products are usually compared with transport model
analysis to extract information about the nuclear matter and
further constrain the equation of state(EOS) of isospin-
asymmetric matter. Such constraints via transport models
require a good understanding of the density and mo-
mentum dependence of the single-nucleon mean-field po-
tential. The momentum dependence of mean-field potential
can be characterized by nucleon effective mass which was
first introduced by Brueckner to describe the motion of
nucleonst! ). The nucleon effective mass is defined as
Z— = {1 + %%}71 , for p = p}., at fixed densitym. For asym-
metric nuclear matter, the effective mass of proton and
neutron may not be the same, and the difference is defined
by effective mass splitting m;,_, (m,_, =m;, —m;).

The study of neutron-proton effective mass splitting is
crucial in nuclear physics. It has been known that the neut-
ron-proton effective mass splitting would affect the in-me-
dium nucleon—nucleon cross-sections, transport properties,
and the liquid-gas phase transition in neutron-rich matter(*!.
It also plays a crucial role in astrophysics such as the equi-
librium neutron-to-proton ratiol], hot proto-neutron stars
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formed in core-collapse supemovae[6], and the properties of
neutron starsl’],

The neutron—proton effective mass splitting is determ-
ined by the momentum dependence of the symmetry poten-
tial, and it is not well understood because of the little know-
ledge of nucleon-nucleon interactions. Various microscop-
ic and phenomenological models have been used to study
the symmetry potentiall® >4 However, there is no general
consensus on which of the neutrons and protons have the
larger effective mass. The non-relativistic Brueckner—Har-
tree—Fock(BHF) and relativistic Dirac—Brueckner-Hartree-
Fork (DBHF)[25_26] calculations predict that the effective
mass of neutron is larger than that of proton in neutron-rich
systems[27_28]. In addition, the same results are obtained
from the Landau-Fermi-liquid theory[zg], the optical model
analysis of the nucleon-nucleon elastic scattering datal3%],
and constraints on the symmetry energy from various ter-
restrial nuclear laboratory experiments and astrophysical
observations based on the Hugenholtz —Van Hove
theorem31],

On the contrary, the Dirac effective mass of neutron is
smaller than that of proton in the relativistic mean-field
(RMF) model based on nucleon-meson interactions® & 321,
Furthermore, based on comparisons with calculations us-
ing improved quantum molecular dynamics(ImQMD) mod-
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el, analyses of free neutron/proton double ratio from the
National ~Superconducting Cyclotron Laboratory at
Michigan State University(NSCL/MSU) seem to indicate
that protons have a slightly larger effective mass than neut-
ronst331 All three cases (my<my, m; =my, and m;>m;)
exist in Skyrme-Hartree-Fork calculations with different
sets of Skyrme parameters[g].

Since the original Skyrme interaction was introduced
in the 1950s1*4], several hundred sets of Skyrme paramet-
ers have been fitted to predict a wealth of properties of
atomic nuclei. In this work, we try to construct a self-con-
sistent transport model based on Skyrme effective interac-
tions and further extract the information of neutron-proton
effective mass splitting with the NSCL experimental data.
The article is organized as follows. In Sec. 2, the single-
nucleon potential, in-medium nucleon-nucleon cross-sec-
tion, and initial density distributions of nucleons are ob-
tained from Skyrme interaction and used in IBUU04 code.
In Sec. 3, the free neutron/proton double ratio is discussed
with particular Skyrme parameters and compared with the
NSCL experimental data.

2 Method

2.1 Skyrme effective interaction with the Hartree-
Fork approximation
The standard form of Skyrme effective interaction
([34-35]
v(r,, ry) =t,(1+x,P,)6(r)+
1 2 —2
Et' (1 +x1P(,)[k or+6(rk ]+
— —
tL(L+x,P ) k-6(r)k+
1 «
6t3 (1+x,P,) [p(R)]"6(r)+
. — —
1Woa-[k xé(r)k], (1)

where f,, x; (i=0,1,2,3), the power a of density de-
pendence, and the spin-orbit strength W, are Skyrme para-
meters of the interaction; P, = 1(1+0,-0,) is the spin ex-
change operator; R = (r, +r,)/2 is the center-of-mass co-
ordinate; r=r,—r, is the relative coordinate of the two
- -7 = — «
particles; k =i(V,-V,)/2 and k =1(V,-V,)/2 are the
relative momentum operators acting on the right and on the
left, respectively.

We begin with the Skyrme effective interaction and
use mean-field Hartree-Fock approximation to obtain single-
nucleon Hartree-Fork equation. In asymmetric nuclear mat-
ter with an asymmetry parameter B = (o,—p,)/(0,+p,),
the nucleon effective mass determined by the momentum
dependence of single-nucleon potential ist3¢]

2 1+ =
" P >p] , @)

m;=mq[l+7(§“—§v )

where g=n, w, =1 for neutrons and ¢=p, w, =1 for
protons. The simplified notation is

f=gfa(e 7)o (03]

1 1 1
fvzz[t1(§+x1)_tz(§+xz) . 3)

And the momentum-independent mean-field potential is

1
U,(r) =t, (1 + %)p(r) 1, (5 + xo)pq(r)+
£1(r)—&,7,(n)+ “1—+22r3 (1 + %)p‘”‘(r)—
a (1 a-1 2 2
0 (5 + x3)p (") (5 +p2(0) -

éts (% + x3)p”(r)pq(r)—

% [3;1 (1 n %)—tz(l N %)] P o(r)+

1 1 1
g 3f1 §+xl +1, §+x2

1 = =
SWo[ VI +97,0]. @)

—

Vip,(r)-

where the kinetic energy density 7,(r) satisfies 7(r)=

T,(r) +7,(r).
2.2 Preparations for BUU calculations

Generally, in the Boltzmann-Uehling-Uhlenbeck
(BUU) model, the mean-field potential is expressed as a
function of the (continuous) phase-space distribution,
which is resolved in terms of a (large) number of discrete
test particles asl7]

| NA
f.py== ) 3(r=r)d(p=p). ()

where A is the number of nucleons, N is the test particle
number per nucleon (200 in this work), r, and p, are the
coordinates and momenta of the individual test particles.
The available volume is divided into sufficiently small
cubes of side / which can be considered as uniform nucle-
ar matter. Under the local density approximation of nuclear
matter, the gradient term of the density and spin-orbit term
of mean-field potential vanish.

Then the momentum-independent single-nucleon po-
tential obtained from Eq. (4) is
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1
U,p) =to(1 + ﬁ)p(r) —1, (5 +xo)pq(r)+

+2
&) -7, + S (142 )0 -

Et,% (% + xs)p“‘(r) TRGETRGIE

1 (1
6t3 (E +X3)PQ(")P(,("), (6)
and the momentum-dependent part is

U (p.p) = (E,0~60,)75. (7)

The isospin- and momentum- depentent single-nucleon po-
tential used in the BUU code is
U(g, p,p) = U, (o) + U, (p, p), (®)

where g = n for neutrons and g = p for protons.

For the BUU code, the kinetic energy density 7 (r) in
the above Eq. (6) is derived with the phase-space distribu-
tion function f(r, p)

2
< > j—T rdr= J;—’;f(r, pd’rd’p

1 NA pZ
— q _ _ 3..33
== Zj S0(r=r)s(p-p)drd’p. ()
Therefore, we have
NA p2
Tq(r)=Zﬁ—7;25(r—rl.), (10)
where the summation represents the sum of all the protons
(g = p) or neutrons (g = n) in the grid where they are loc-

ated with coordinate r.
The symmetry energy can be obtained from the bind-

ing energy per nucleon E/A (38]
1 9*(E/A)
Eyn(p) =
Y 2 B s
AE AT
~om (7) P =gl (2x)+1)p=

2
32
24( ) [#,(5+4x,) -3¢ xl]
1
gh@n+ e (11)

The initial density distributions of neutron and proton
in nucleus are given by the Skyrme-Hartree-Fork calcula-
tions with corresponding Skyrme parameters. And we let
the nucleon momentum distribution in the high-momentum-
tail(HMT)39 411

AT (k) o 1/K*, (12)

and
J"Z’\'r pHMT k) K2dk

L 220%. (13)
I n(kyk2dk

The isospin-dependent baryon—baryon(BB) scattering
cross section in medium o ™™ is reduced compared with
their free-space value o by a factor off424]

di fi
medlum(p ﬁ) me o O-Brg

= (uBB J/T (14)

where pg, and uy, are the reduced masses of the colliding
baryon-pair in free space and medium, respectively. The
nucleon effective mass in the factor R is obtained us-
ing the Skyrme interaction, see Eq. (2).

medium

2.3 Select Skyrme parameter sets

The neutron/proton double ratio has recently been
used to study the effective mass splitting effect with NSCL
experiments[33_44], and we also need to consider the choice
of symmetry energy because it's still unclear, especially in
high-density regionsi*> ™8], In this way, it is convincing
that signals are mainly due to the neutron-proton effective
mass splitting and not strictly depending on the choice of
the stiffness of the symmetry energy. In this work, among
the published 240 Skyrme interaction parameter sets in the
Ref. [49], six Skyrme interactions predict the opposite
choices of effective mass splitting for different stiffnesses
of the symmetry energy (asy-hard, asy-sightly-soft, and asy-
soft), as shown in Table 1. The corresponding two sets of
Skyrme parameters selected with similar symmetry energy
also predict very close saturation properties of nuclear mat-
ter, such as incompressibility K, the binding energy E,
and isoscalar effective mass m*, with the exception that the
effective mass splitting is opposite. The saturation proper-
ties of nuclear matter are determined by standard Skyrme
parameter sets with 9 parameters {z,,¢,1,,t;, X, X,, X,,
x5, }. By the way, if we fix the symmetry energy coeffi-
cient S, its slope L, and curvature K, the trend of the
symmetry energy is roughly determined. The density de-
pendence of nuclear symmetry energy with selected
Skyrme parameters is shown in the left panel of Fig. 1. And
the right panel displays the effective mass of neutron and
proton as a function of density (p =p,, 2p,) and isospin-
asymmetry with the KDEOv1 and NRAPR interactions, re-
spectively. It shows that the effective mass of proton is
slightly larger than that of neutron for the KDEOvI interac-
tion and the opposite for NRAPR.

In cold asymmetric nuclear matter, the kinetic energy
density of nucleon in the Eq. (6) can be written as
T, = %kﬁqpq, and the symmetry potential can be obtained
from the definition U, =(U,—U,)/26. Where U, (U,)

sym

is the single-nucleon mean-field potential of neutron (pro-
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Table 1

Corresponding saturation properties of nuclear matter with selected different Skyrme parameter sets. The effective mass of

neutron and proton are obtained with isospin asymmetry ¢ =0.2 for isospin asymmetric nuclear matter. All entries are in MeV,

except for p, in fm 3 and the dimensionless effective mass ratios.

Stiffness Model i, K, S, L Kyym m*/m  my/m my [m Po E,
hard Sk12[50] <0 24093 33.37 104.33 70.69 0.68  0.662 0703  0.158  -15.78
hard Gsb! >0 23729 3113 93.31 14.07 0.78 0807 0757  0.158  -15.59

slightly soft ~ KDEOVIP? <0 22754 34.58 54.69 -127.12 074 0737 0763  0.165  —16.23
slightly soft  NRAPRIS! 59 22565 32.78 59.63 ~123.32 0.69 0716 0674 0161  —1585
soft BSk9l! <0 23132 30 38.29 ~153.70 080 0780 0818  0.159  -15.92
soft SV-mas08lS] >0 23313 30 40.15 ~172.38 080 0818 0781  0.160  —15.90
140 b —e—SkI2 (:”1n<f”p) }Asy-hard 0.8 KDEOv1
- o= Gs (m,>my) :
—*—KDEOvV1 (my<m) lohtlvesof
120 |~ %= NRAPR (mi>my) ) ASy-slighty-soft o o
N o 0.7 | Solid: p = p,
—A—BSk9 (m,<m) A ft /0/ - - 7
A SV-mas0 (mesmt) S AR Dash: p = 2p, - -
100 - P S e - p
P 06F =~
L e . B
> 80 L /‘/0 '..' ) Red: neutron i
= ‘/0 ’.O § . Black: proton . . .
; /‘/ '.. s
60 - ‘/o.o 0.8
& '3 3
/":'. ********
00 ¥k 0.7
40 3 '*** AAAAAA '
AA“““““““AA::
; 0.6
20F A8
'y
*J
i 0s
0 L
1 1 1 1 1 1 04 1 1 1 1
00 05 10 15 20 25 30 0.0 0.2 0.4 0.6 0.8
Plpo 0
Fig. 1 Left panel: Density dependence of symmetry energy with different Skyrme parameter sets; Right panel: The effective mass

of neutron and proton as a function of density at p = p,, 20, and isospin-asymmetry for the parameters KDEOv1 (upper win-
dow) and NRAPR (lower window) in cold asymmetric nuclear matter. (color online)

ton). The symmetry potentials as a function of density and
momentum at isospin asymmetry ¢ =0.2 with the previ-
ously selected Skyrme parameters in cold asymmetric nuc-
lear matter are shown in Fig. 2. The left panel shows the
negative effective mass splitting for different stiffnesses of
the symmetry energy predicted by the SkI2, KDEOv1, and
BSkO interactions while the corresponding positive effect-
ive mass splitting predicted by the Gs, NRAPR, SV-mas08
interactions are shown in the right, respectively. One can
see that for the case of m; <my;, the symmetry potential in-
creases with momentum and increases more rapidly due to
the squared term of momentum in the mean-field potential,
while decreases for m;>m; case. Combining the Eq. (2),
we can obtain the effective mass splitting

(15)

And combining the Eq. (8), we can obtain the momentum-

;. = i~ o £, Bp.

dependent behavior of symmetry potential
du d(u,-U,)

sym

dp 26dp

o =&, Bpp. (16)
From the Eq. (15) and Eq. (16), we can see the sign of the
effective mass splitting is opposite to the momentum-de-
pendent behavior of symmetry potential, and the sign is de-
termined by the notation &, . This is consistent with the pre-
vious analysis in Fig. 2. In this framework, the Skyrme
force has a strong momentum-dependent behavior and it is
also mentioned in Ref. [56].

Due to the opposite choices of effective mass splitting
corresponding to symmetry potentials' different momentum-
dependent behaviors, the symmetry potential is almost pos-
itive for the case of m, <my, but may have a cross-over
(from positive to negative) at higher momentum and dens-
ity for m;>my case. This distinction will be a key entry
point for the analysis of the following results.
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Fig. 2 The symmetry potential as a function of density and momentum with isospin asymmetry 6 = 0.2 in cold asymmetric nuclear
matter; Different color lines represent different densities (p = 0.5p,, p =p,, p = 1.5p,, p = 2p, ). (color online)

3 Results and discussions

In this work, we simulated the collisions of
1249n+1248n and >'12Sn+!1?Sn reactions with beam ener-
gies of 50 MeV/nucleon and 120 MeV/nucleon at impact
parameter 0<b<3 fm using the BUU code based on
Skyrme effective interactions. The double ratio of pre-equi-
librium emitted nucleons is shown in the Fig. 3 with angu-
lar cuts 70°<6,, <110° (cos@=p_/ /pi+pi+p?) from
the above collision systems. A local density cut method is
used to judge free nucleons, i.e., if the local density of a
nucleon is less than 0.05 times saturation density, then it is
a free nucleon. In the studies, we slightly change this cri-
terion, and it's found that the double neutron/proton ratio is
less affected. The free neutron/proton double ratio is
roughly the same as that neutron/proton including light
cluster A<5, according to Figure 6 in the Ref. [57]. Com-
pared to the neutron-proton single ratio, the double ratio

can reduce the effect of Coulomb force and the systematic
error caused by poor efficiency of detecting neutronsl*> 31,
As shown in Fig. 3, due to the increase of nucleon-nucleon
scattering, the neutron-proton double ratio of 120
MeV/nucleon beam energy in the right panel is smaller than
the left one which is 50 MeV/nucleon, consistent with the
Ref. [59]. First of all, it should be clarified that when the
symmetry potential is positive, it exhibits attraction to pro-
tons and repulsion to neutrons. When the symmetry poten-
tial is negative, it repels protons and attracts neutrons. For
windows (c) and (e) in Fig. 2, the symmetry potential de-
creases with increasing density before the crossover point
and increases with increasing density after. And the sym-
metry potential increases with increasing kinetic energy.
Before the crossover point, density- and momentum- de-
pendent parts compete, after that, their contributions are
consistent. However, for windows (d) and (f) in Fig. 2, the
symmetry potential has the opposite behavior. For the two
opposite choices of effective mass splitting, the symmetry
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Fig. 3 The double neutron/proton ratio of free nucleons is taken from the reactions '>*Sn+12*Sn and ''2Sn+!2Sn at beam energies
of 50 MeV/nucleon (left window) and 120 MeV/nucleon (right window) at impact parameter b = 2.12 fm with angular cuts

70° < 0. <110° (cosf = p,/ \[p?+p?+p? ), respectively; From top to bottom, the stiffnesses of the symmetry energy are asy-
hard, asy-sightly-soft, and asy-soft; Green(Red) line for the effective mass splitting my <my; (mj>m ). (color online)

potentials have a larger difference at higher momentum.
Therefore, when the effective mass of neutron is smaller
than that of proton, the almost always positive symmetry
potential with increasing momentum causes neutrons to feel
more repulsion at higher kinetic energy, and more neutrons
are emitted, compared to the case of m;>m; . As shown in
Fig. 3, the distinctions caused by the effective mass split-
ting effect are mainly concentrated in higher momentum
range. For lower kinetic energies, de-excitation of hot frag-
ments in heavy-ion collisions becomes important, thus the
effects of symmetry potential should be disturbed. There-
fore, we don’t deduce the neutron-proton effective mass
splitting from the lower kinetic part. Whereas for the nucle-
ons at high kinetic energies, the effects of de-excitation of
hot fragments in heavy-ion collisions would become smal-
ler, hence symmetry potential or the neutron-proton effect-
ive mass splitting increasingly affects the neutron/proton
ratio. Overall, the isospin effective mass splitting effect is
moreobviousathighermomentum, whichisconsistentwiththe
Refs. [59-60].

Shown in the left of Fig. 3, except for the asy-slightly-

soft symmetry energy case, the maximum value of the neut-
ron-proton double ratio that can be reached is around
1.4~1.6, while the NSCL experimental result can reach 2.
The differences are indeed large relatively by comparisons.
To avoid an overall depression caused by the inclusion of
comparison with the experimental data, we only display the
results of NRAPR and KDEOv1 compared with NSCL ex-
perimental data, as shown in Fig. 4. It can be seen that the
kinetic-energy spectra of the neutron-proton double ratio
results predicted by the KDEOv1 interaction are in relat-
ively better agreement with the experiment, especially
when the nucleus's kinetic energy is less than 40 MeV, and
it's consistent with the trend of increasing and then decreas-
ing experimental results. It should be noted that the results
are still a little low compared to the experiment for nucleon
kinetic energies between 40 and 80 MeV. On the whole,
among the six sets of interactions, it seems to imply that the
momentum- and density-dependent symmetry potential pre-
dicted by the KDEOv1 interaction is closer to that expected
from NSCL experimental data.



- 452 - B F %Y iR %39 %
225
(a) 50 MeV/u L6 F (b) 120 MeV/u
2.00 A 4 : | 5| KDEOVI(m;<my) {
175 \gi } —A—NRAPR(m>m’)
T s ® NSCL Data {
= o 141 }
;5 1.50 b ° Asy-sightly-soft
a 7 13, &\5/‘. 5.
125+ - Ad-4 '
‘\‘{’;\‘—‘ 12 ) i\; /}
KDEOV 1 (m,<m;) o ) 2r . A& AAAN
LOO+ 7 o NR APR(m’>m’) Asy-sightly-soft . \§ {\?i%{ % A
0.75 ® NSCL Data 1.1k
7o 20 40 60 80 100 0 20 40 60 80 100
E,/MeV E./MeV

Fig. 4 The same results of the slightly-soft symmetry energy in the previous Fig. 3, but compared with the NSCL experimental

datal®3], (color online)

4 Summary and outlook

In summary, the single-nucleon potential, in-medium

nucleon-nucleon cross-section, and initial density distribu-
tions of nucleons are described by the Skyrme nucleon-nuc-
leon effective interaction and used in BUU code to simu-
late heavy-ion collisions. Six sets of Skyrme parameter
SkI2, Gs, KDEOvl, NRAPR, BSk9, and SV-mas08 are
used for various stiffnesses of the symmetry energy with
opposite choices of neutron-proton effective mass splitting
in this work. We try to extract the information of effective
mass splitting by free neutron/proton double ratio. It is
found that distinctions caused by two opposite choices of
effective mass splitting are mainly concentrated in the high
momentum range. This can be explained by their different
density- and momentum-dependent behaviors of the sym-
metry potential in Fig. 2. The comparison with NSCL ex-
perimental data indicates that double neutron-proton ratios
corresponding to the KDEOv1 interaction seem closer to the
experimental data, among the six sets of interactions. And it
is planned to consider more situations by performing a cov-
ariance analysis of the neutron-proton effective mass split-
ting in the future, as done in Ref. [60].
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