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Abstract：We have established a quark-interchange model and have proposed a quark-antiquark anni-

hilation model to study meson-meson scattering. From QCD we obtain a temperature-dependent quark

potential. The transition potential corresponding to quark-antiquark annihilation and creation is derived

in perturbative QCD. The experimental ground-state meson masses are reproduced and the experimental

data of elastic phase shifts for ππ scattering near the threshold energy in vacuum can be accounted for in

the Born approximation. Starting from S-matrix element, we derive the transition amplitude and the cross

section for the scattering. Unpolarised cross sections for reactions involving π, ρ, K and K∗ are calculated.

Remarkable temperature dependence of the cross sections is found.
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1 Introduction

Frequent scattering of mesons in hadroinc matter

created in relativistic heavy-ion collisions significantly

changes chemical equilibrium, hadron flow, hadron

spectra and so on. All possible meson-meson scatter-

ing takes place in hadronic matter. The scattering

is governed by resonance, quark interchange, quark-

antiquark annihilation and creation. 2-to-2 meson-

meson scattering in Fig. 1 is divided into four types.

The first type involves quark interchange between

scattering mesons. The second type involves quark-

antiquark annihilation and creation. The third type

involves both quark interchange and quark-antiquark

annihilation and creation. The fourth type involves res-

onance and quark-antiquark annihilation and creation.

In this talk I briefly summarize a study about the

first, second and third types of scattering. Since pions,

kaons and rho mesons are dominant meson species in

hadronic matter, we focus on 2-to-2 scattering among

π, ρ, K and K∗. Much more details can be found in

Refs. [1–4].

Fig. 1 Meson-meson scattering A+B→C+D. Solid
lines with up (down) triangles stand for quarks
(antiquarks). The shaded area indicates resonance,
quark interchange, quark-antiquark annihilation
and creation.

2 Meson-meson scattering governed
by quark interchange

Elastic meson-meson scattering such as ππ for

I = 2 and πK for I = 3/2 has been studied in the

quark interchange mechanism
[5–8]

. We study the fol-

lowing inelastic meson-meson scattering:

I =2 ππ→ ρρ, I =1 KK→K∗K∗, I =1 KK∗ →K∗K∗,

I =
3

2
πK→ ρK∗, I =

3

2
πK∗ → ρK∗, I =

3

2
ρK→ ρK∗, I =

3

2
πK∗ → ρK.
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These reactions are represented by A(q1q1)+B(q2q2)
→ C(q1q2)+D(q2q1) which is caused by interchange
of q1 and q2 or equivalently by interchange of q̄1 and
q̄2. The S-matrix element for A(q1q1)+B(q2q2) →
C(q1q2)+D(q2q1) is

Sfi = δfi−2πiδ(Ef −Ei)<q1q̄2,q2q̄1|HI|q1q̄1,q2q̄2> ,
(1)

where |q1q̄1,q2q̄2> (|q1q̄2,q2q̄1>) is the wave function
of the initial (final) mesons; Ei (Ef) is the total energy
of the two initial (final) mesons. HI is the sum of the
interaction between one constiutent in meson A and
one constituent in meson B for the scattering in the
prior form,

HI =Vq1q̄2 +Vq̄1q2 +Vq1q2 +Vq̄1q̄2 , (2)

or HI is the sum of the interaction between one con-
stiutent in meson C and one constituent in meson D
for the scattering in the post form,

HI =Vq1q̄1 +Vq̄2q2 +Vq1q2 +Vq̄1q̄2 . (3)

The interaction as a function of the distance r be-
tween two interacting constituents includes a spin-
independent term denoted by Vsi and a spin-spin in-
teraction denoted by Vss,

Vab =Vsi+Vss. (4)

Vsi depends on temperature T
[9]
,

Vsi(r)=− λa

2
· λb

2

3

4
D

[
1.3−

(
T

Tc

)4
]
tanh(Ar)+

λa

2
· λb

2

6π

25

v(λr)

r
exp(−Er), (5)

where D = 0.7 GeV, Tc = 0.175 GeV, A =
1.5[0.75 + 0.25(T/Tc)

10]6 GeV, E = 0.6 GeV and
λ =

√
3b0/16π2α′ in which α′ = 1.04 GeV−2 and

b0 =11− 2
3Nf with Nf =4. λa are the Gell-Mann ma-

trices for the colour generators of constituent a. The
dimensionless function v(x) is given in Ref. [10]. Vss

is
[11, 12]

Vss(r)=− λa

2
· λb

2

16π2

25

d3

π3/2
exp(−d2r2)

sa ·sb
mamb

+

λa

2
· λb

2

4π

25

1

r

d2v(λr)

dr2
sa ·sb
mamb

, (6)

where sa and ma are the spin and mass of constituent
a, respectively, and d is related to quark masses. The
short-distance part of Vsi originates from one-gluon
exchange plus one- and two-loop corrections. The
intermediate- and long-distance part of Vsi fits well
the numerical potential obtained in the lattice gauge

calculations
[13]

. The spin-spin interaction includes rel-
ativistic corrections to the gluon propagator.

It was shown in Ref. [11] that the spin-spin inter-
action in vacuum comes from the application of the
Foldy-Wouthuysen canonical transformation to a rel-
ativistic two-particle Hamiltonian which contains the
linear confinement and one-gluon exchange plus per-
turbative one- and two- loop corrections. The spin-
spin interaction is related to the terms of the direct
product of two Dirac α matrices in the Hamiltonian
and the linear confinement in vacuum thus does not
contribute to the spin-spin interaction. In this way
the medium modification of the confinement also does
not make a contribution to the spin-spin interaction
and the spin-spin interaction in medium is the same as
the spin-spin interaction in vacuum. In other words,
the medium screening obtained in the lattice gauge
calculations affects only the central spin-independent
potential and the spin-spin interaction is temperature-
independent.

The Schrödinger equation with Vab at zero temper-
ature is solved to reproduce the experimental masses
of π, ρ, K, K∗, J/ψ, ψ′, χc, D, D∗, Ds and D∗

s mesons,
while the masses of the up quark, the down quark,
the strange quark and the charm quark are 0.32 GeV,
0.32 GeV, 0.5 GeV and 1.51 GeV, respectively. The
Schrödinger equation with Vab at nonzero tempera-
tures provides meson masses at temperatures that are
possessed by hadronic matter. As the temperature ap-
proaches the critical temperature, the π, ρ, K, and K∗

masses decrease rapidly and the spatial extension of
the meson wave functions becomes wide rapidly. The
π and ρmesons (K and K∗) become degenerate in mass
at T →Tc.

The S-matrix element leads to the following tran-

sition amplitudes in momentum space
[1]
,

Mprior
fi =

√
2EA2EB2EC2ED×∫
d3pq1q̄2

(2π)3
d3pq2q̄1

(2π)3
ψ+
q1q̄2

(pq1q̄2)ψ
+
q2q̄1

(pq2q̄1)×

(Vq1q̄2 +Vq̄1q2 +Vq1q2 +Vq̄1q̄2)ψq1q̄1(pq1q̄1)×
ψq2q̄2(pq2q̄2), (7)

for the prior form and

Mpost
fi =

√
2EA2EB2EC2ED×∫

d3pq1q̄1

(2π)3
d3pq2q̄2

(2π)3
ψ+
q1q̄2

(pq1q̄2)ψ
+
q2q̄1

(pq2q̄1)×

(Vq1q̄1 +Vq̄2q2 +Vq1q2 +Vq̄1q̄2)ψq1q̄1(pq1q̄1)×
ψq2q̄2(pq2q̄2), (8)

for the post form. EA (EB, EC, ED) is the energy of
meson A (B, C, D); pab is the relative momentum of
constituents a and b; the wave function ψab stands
for the product of colour, spin, flavour and quark-
antiquark relative-motion wave functions of a and b.
From the transition amplitudes the experimental data



第 3期 XU Xiaoming：Meson-meson Scattering in Hadronic Matter · 565 ·

of S-wave I = 2 elastic phase shifts for ππ scattering
in vacuum are reproduced.

The unpolarised cross section for the scattering in
the prior form is

σprior
unpol(

√
s,T )=

1

(2SA+1)(2SB+1)

1

32πs

|P ′|
|P | ×∑

S

(2S+1)

∫π

0

dθ|Mprior
fi (s, t)|2 sinθ, (9)

where
√
s is the total energy of the two initial mesons

in the centre-of-mass frame; SA and SB are the spins of
mesons A and B, respectively; S is the total spin of the
two initial mesons; P and P ′ are the three-dimensional
momenta of mesons A and C in the centre-of-mass
frame, respectively; θ is the angle between P and P ′.
The unpolarised cross section for the scattering in the
post form is

σpost
unpol(

√
s,T )=

1

(2SA+1)(2SB+1)

1

32πs

|P ′|
|P | ×∑

S

(2S+1)

∫π

0

dθ|Mpost
fi (s, t)|2 sinθ. (10)

The unpolarised cross section for A(q1q1)+B(q2q2)→
C(q1q2)+D(q2q1) is

σunpol =
1

2
(σprior

unpol+σ
post
unpol). (11)

Unpolarised cross sections for ππ→ ρρ for I = 2,
KK → K∗K∗ for I = 1, KK∗ → K∗K∗ for I = 1,

πK→ ρK∗ for I =
3

2
, πK∗ → ρK∗ for I =

3

2
, ρK→ ρK∗

for I =
3

2
and πK∗ → ρK for I =

3

2
have been shown in

Figs. 2∼8 in Ref. [2] at the six temperatures T/Tc=0,
0.65, 0.75, 0.85, 0.9 and 0.95. The 7 reactions are
endothermic and their cross sections are 0 at thresh-
old energies. The cross section for each reaction in-
creases rapidly from 0 to a maximum and then de-
creases while

√
s increases from the threshold energy.

The peak cross section of each reaction changes con-
siderably while temperature increases. It is due to the
temperature dependence of the quark potential, meson
masses and mesonic quark-antiquark relative-motion
wave functions.

The peak cross sections of the 7 reactions have
the same behavior: each decreases from T/Tc = 0
to a value and increases from the value to 0.95. As
the temperature increases from zero, the long-distance
part of the potential gradually becomes a distance-
independent and temperature-dependent value, con-
finement becomes weaker and weaker, the Schrödinger
equation produces increasing meson radii, and mesonic
bound states become looser and looser. The weakening
confinement with increasing temperature makes com-
bining final quarks and antiquarks into mesons more

difficult and thus reduces the cross sections. From
T/Tc = 0 to the value the peak cross section, which
increases with slowly increasing radii of the initial
mesons, cannot balance the decrease in the cross sec-
tions due to the weakening confinement; thus, the peak
cross sections decrease. From the value to 0.95 the
peak cross section, which is increased by the rapidly
increasing radii of the initial mesons, overcomes the
decrease in the cross sections by the weakening con-
finement; thus, the peak cross sections increase.

3 Meson-meson scattering governed
by quark-antiquark annihilation
and creation

We study the following reactions:

I =1 ππ→ ρρ, KK̄→K∗K̄∗, KK̄∗ →K∗K̄∗,

K∗K̄→K∗K̄∗,

I =1 ππ→KK̄, πρ→KK̄∗, πρ→K∗K̄, KK̄→ ρρ.

These reactions are represented by A(q1q1)+B(q2q2)
→ C(q3q1)+D(q2q4) due to q1+q̄2 → q3+q̄4 or
A(q1q1)+B(q2q2)→C(q1q4)+D(q3q2) due to q̄1 +
q2 → q3+q̄4. The S-matrix element for A+B→C+D
is

Sfi =δfi−2πiδ(Ef −Ei)×
(< q3q̄1,q2q̄4 |Vaq1q̄2 | q1q̄1,q2q̄2>+

< q1q̄4,q3q̄2 |Vaq̄1q2 | q1q̄1,q2q̄2>) , (12)

where |q3q̄1,q2q̄4> and |q1q̄4,q3q̄2> are the wave func-
tions of the final mesons; Vaq1q̄2 and Vaq̄1q2 are the
transition potentials for the processes q1+q̄2 → q3+q̄4
and q̄1+q2 → q3+q̄4, respectively. The S-matrix ele-

ment leads to the following transition amplitudes
[3]
,

Maq1q̄2 =
√
2EA2EB2EC2ED

∫
d3pq1q̄1

(2π)3
d3pq2q̄2

(2π)3
×

ψ+
q3q̄1

(pq3q̄1)ψ
+
q2q̄4

(pq2q̄4)Vaq1q̄2(k)×
ψq1q̄1(pq1q̄1)ψq2q̄2(pq2q̄2), (13)

corresponding to q1+q̄2 → q3+q̄4 and

Maq̄1q2 =
√
2EA2EB2EC2ED

∫
d3pq1q̄1

(2π)3
d3pq2q̄2

(2π)3
×

ψ+
q1q̄4

(pq1q̄4)ψ
+
q3q̄2

(pq3q̄2)Vaq̄1q2(k)×
ψq1q̄1(pq1q̄1)ψq2q̄2(pq2q̄2), (14)

corresponding to q̄1+q2 → q3+q̄4.
A quark with momentum p1 and an antiquark

with momentum −p2 annihilate into a gluon with mo-
mentum k, and subsequently this gluon creates a quark
with momentum p3 and an antiquark with momentum
−p4. Within perturbative QCD we obtain the transi-
tion potential for q(p1)+q̄(−p2)→ q′(p3)+q̄′(−p4) in
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momentum space,

Vaqq̄(k)=
g2s
k2

λ(34)

2
· λ(21)

2

(σ(34) ·kσ(21) ·k
4mq′mq

−

σ(34) ·σ(21)−
σ(21) ·p2σ(34) ·σ(21)σ(21) ·p1

4m2
q

−

σ(34) ·p3σ(34) ·σ(21)σ(34) ·p4

4m2
q′

)
, (15)

where gs is the gauge coupling constant; mq (mq′) is
the q (q′) mass; λ(ij) (σ(ij)) mean that they have ma-
trix elements between the colour (spin) wave functions
of constituents i and j.

Confinement is a result of multi-gluon exchange
between two constituents. The medium modification
of the confinement gives rise to the temperature depen-
dence of the quark potential which is used in Eqs. (2)
and (3). The transition potential given in Eq. (15) cor-
responds to only one gluon. Therefore, the transition
potential is temperature-independent.

Including colour, spin and flavour matrix ele-
ments, the transition amplitudes are given upon inte-
grating over the relative momenta of the quark and the
antiquark of the two initial mesons. With the transi-
tion amplitudes the experimental data of S-wave I =0
and P -wave I =1 elastic phase shifts for ππ scattering
near the threshold energy are reproduced.

The unpolarised cross section for A+B → C+D
via quark-antiquark annihilaiton and creation is

σunpol(
√
s,T )=

1

(2JA+1)(2JB+1)

1

32πs

|P ′|
|P |∫π

0

dθ
∑

JAzJBzJCzJDz

|Maq1q̄2 +Maq̄1q2 |
2 sinθ, (16)

where JAz (JBz, JCz, JDz) is the magnetic projection
quantum number of the angular momentum JA (JB,
JC, JD) of meson A (B, C, D). In Figs. 7∼15 in Ref. [3]
we have shown unpolarised cross sections for the nine
channels:

I =1 ππ→ ρρ, I =1 KK̄→K∗K̄∗,

I =0 KK̄→K∗K̄∗,

I =1 KK̄∗ →K∗K̄∗, I =0 KK̄∗ →K∗K̄∗,

I =1 ππ→KK̄,

I =1 πρ→KK̄∗, I =1 πρ→K∗K̄, I =1 KK̄→ ρρ.

All the channels except KK̄ → ρρ for I = 1 are
endothermic. In vacuum the ρ mass is larger than
the kaon mass. When the temperature increases, the
ρ mass decreases faster than the kaon mass. At
T = 0.785Tc the ρ mass equals the kaon mass. Be-
low T = 0.785Tc the reaction KK̄ → ρρ for I = 1 is
endothermic because the sum of the two ρ masses is

larger than the sum of the kaon and antikaon masses;
otherwise, it is exothermic. In contrast to any en-
dothermic reaction which has the zero cross section
at the threshold due to P ′ = 0, the exothermic reac-
tion has the infinite cross section at the threshold due
to P = 0. When

√
s increases from the threshold en-

ergies, the cross sections for the exothermic reactions
decrease very rapidly from infinity.

The peak cross section of each channel varies
rapidly with increasing temperature. It is due to dif-
ferences among mesonic temperature dependence in
hadronic matter. When

√
s increases from the mag-

nitude that corresponds to the peak cross section, the
cross section for ππ→ ρρ for I = 1, KK̄∗ →K∗K̄∗ for
I =1 or πρ→K∗K̄ for I =1 decreases slowly. This be-
haviour quite differs from that for the reaction which
is governed by the quark interchange.

4 Meson-meson scattering governed
by quark interchange as well as
quark-antiquark annihilation and
creation

Meson-meson reactions may involve not only
quark interchange but also quark-antiquark annihila-
tion and creation. We study this type of scattering
with

I =0 ππ→ ρρ, I =
1

2
πK→ ρK∗, I =

1

2
πK∗ → ρK,

I =
1

2
πK∗ → ρK∗, I =

1

2
ρK→ ρK∗.

These reactions are represented by A(q1q1)+B(q2q2)
→C(q1q2 or q3q1 or q1q4)+D(q2q1 or q2q4 or q3q2).
Meson C (D) has the constituents q1q2, q3q1 or q1q4
(q2q1, q2q4 or q3q2) depending on the processes em-
bedded in the reactions. The S-matrix element for
A+B→C+D is

Sfi =δfi−2πiδ(Ef−Ei)(< q1q̄2,q2q̄1 |HI |q1q̄1,q2q̄2>+

< q3q̄1,q2q̄4 |Vaq1q̄2 | q1q̄1,q2q̄2>+

< q1q̄4,q3q̄2 |Vaq̄1q2 | q1q̄1,q2q̄2>). (17)

From the S-matrix element the transition amplitude
is

Mpr
fi =Mprior

fi +Maq1q̄2 +Maq̄1q2 , (18)

for the reaction including the quark-interchange pro-
cess in the prior form or

Mpt
fi =Mpost

fi +Maq1q̄2 +Maq̄1q2 , (19)

for the reaction including the quark-interchange pro-
cess in the post form. Corresponding to Mpr

fi and Mpt
fi

we have

σprior
unpol(

√
s,T )=

1

(2JA+1)(2JB+1)

1

32πs

|P ′|
|P | ×∫π

0

dθ
∑

JAzJBzJCzJDz

|Mpr
fi |2 sinθ, (20)
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σpost
unpol(

√
s,T )=

1

(2JA+1)(2JB+1)

1

32πs

|P ′|
|P | ×∫π

0

dθ
∑

JAzJBzJCzJDz

|Mpt
fi |2 sinθ. (21)

The unpolarised cross section for A+B→C+D is

σunpol(
√
s,T )=

1

2

[
σprior
unpol(

√
s,T )+σpost

unpol(
√
s,T )

]
. (22)

The cross section for ππ→ ρρ for I = 0 is shown
in Fig. 16 in Ref. [3]. The cross sections for πK∗ → ρK
for I = 1/2, πK∗ → ρK∗ for I = 1/2, πK → ρK∗ for
I = 1/2 and ρK → ρK∗ for I = 1/2 are shown in
Figs. 3∼6 in Ref. [4]. Quark interchange plays a role
mainly near the threshold and even dominates the re-
actions near the critical temperature. When

√
s is far

away from the threshold, the contribution of quark-
antiquark annihilation and creation to the cross sec-
tions is so obvious that a wide peak may appear in a
temperature region.

5 Parametrizations of numerical
cross sections

Starting from an effective Lagrangian, cross sec-
tions for ππ → KK̄, ρρ → KK̄, πρ → KK̄∗ and
πρ → K∗K̄ through one-meson exchange in vacuum
have been obtained in Ref. [14]. The cross sections for
the four reactions have been used to describe the evo-
lution of hadronic matter created in relativistic heavy-
ion collisions. In the present work we have obtained
cross sections for more than the four reactions. But
the cross sections are numerical. To use our cross sec-
tions conveniently in the evolution of hadronic mat-
ter, we parametrize the numerical cross sections. The
parametrizations are

σunpol(
√
s,T )=

a1

(√
s−√

s0

b1

)c1

exp

[
c1

(
1−

√
s−√

s0

b1

)]
+

a2

(√
s−√

s0

b2

)c2

exp

[
c2

(
1−

√
s−√

s0

b2

)]
, (23)

for the endothermic reactions and

σunpol(
√
s,T )=

P ′2

P 2

{
a1

(√
s−√

s0

b1

)c1

exp

[
c1

(
1−

√
s−√

s0

b1

)]
+

a2

(√
s−√

s0

b2

)c2

exp

[
c2

(
1−

√
s−√

s0

b2

)]}
, (24)

for the exothermic reactions.
√
s0 is the threshold en-

ergy. The parameters a1, b1, c1, a2, b2 and c2 are listed
in Tables 1 and 2 in Ref. [2], in Tables 2∼4 in Ref. [3]
and in Table 2 in Ref. [4].

6 Conclusions

We have established a quark-interchange model
to study meson-meson scattering. A temperature-
dependent quark potential is given to yield meson
masses and mesonic quark-antiquark wave functions.
The transition amplitudes for the prior form and the
post form are derived from the S-matrix element and
are used to calculate the elastic phase shifts for ππ
scattering and the unpolarised cross sections for the
first type of inelastic meson-meson scattering.

We have proposed a model with quark-antiquark
annihilation and creation to study meson-meson scat-
tering. The transition potential for quark-antiquark
annihilation and creation is derived in perturbative
QCD. The transition potential and the transition am-
plitudes derived from the S-matrix element are used
to calculate the elastic phase shifts for ππ scattering
and the unpolarised cross sections for the second type
of inelastic meson-meson scattering.

Combining the quark-interchange model and the
quark-antiquark annihilation model, we have studied
the meson-meson scattering that is governed by quark
interchange as well as quark-antiquark annihilation
and creation. The relevant transition amplitude is the
sum of the one corresponding to quark interchange and
the one corresponding to quark-antiquark annihilation
and creation. With the transition amplitude we obtain
the unpolarised cross sections for the third type of in-
elastic meson-meson scattering.

Depending on temperature, a reaction is either en-
dothermic or exothermic. The cross sections for the re-
actions governed by quark-antiquark annihilation and
creation are quite different from the cross sections for
the reactions governed by quark interchange. While
quark interchange plays a role mainly near the thresh-
old energy, quark-antiquark annihilation and creation
does in a wide regime of energy. Remarkable temper-
ature dependence of the unpolarised cross sections is
found.
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强子物质中的介子-介子散射

许晓明
1)

(上海大学物理系，上海 200444 )

摘要: 建立了一个夸克交换模型和提出了一个夸克-反夸克湮灭模型来研究介子-介子散射。从量子色动力学我们得

到一个依赖于温度的夸克作用势。从微扰量子色动力学推导对应于夸克-反夸克湮灭和产生的跃迁势。模型给出基态

介子质量的实验值，并且在玻恩近似下能说明真空中阈能附近的π-π弹性散射相移的实验值。从S矩阵元出发，推

导散射的跃迁振幅和截面公式。计算出涉及π, ρ, K, K∗的反应的非极化截面。发现这些截面具有强烈的温度依赖

性。
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