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Abstract：We use three different initial chiral angles to give the solution of the mean-field equation of

the system with baryon number B=1 for the first iteration, to investigate which initial chiral angle will

make the self-consistency reach faster. From the first iteration from different initial chiral angle, we found

that the result from the exponential form chiral angle is closer to the self-consistent one than the other

two initial chiral angles.
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1 Introduction

The chiral quark soliton model is one of QCD ef-

fective theories incorporating the spontaneous chiral

symmetry breaking of the low-energy QCD
[1]
. It in-

cludes both valence quark degree of freedom and the

contribution from Dirac sea quarks. The two flavor

Lagrangian of the chiral quark soliton model is

LM = q̄(x)iDq(x) , (1)

where iD is

iD= i ̸ ∂−M(σ+iπτγ5) , (2)

M is the only free parameter of the model. It is the

constituent quark mass.

It is worthwhile to investigate which initial pro-

file function will make the self-consistent determina-

tion process consuming less time. We investigate the

first iteration profile function P (r) using three different

initial chiral angles to see which resultant P (r) after

the first iteration is the closest to the self-consistent

one to gain some insight into this problem.

Those three chiral angles are:

(1) a linear form
[2]

P (r)=
−nπ
R

r−π,(06 r6R) , (3)

(2) an exponential form
[3]
:

P (r)=−nπe−
r
R , (4)

(3) an inverse trigonometric form
[1]

P (r)=−2narctan(
R

r
)2 , (5)

where n is the topological winding number and R char-

acterizes the size of the meson profile
[4]
. The chiral

angle should satisfy the boundary conditions
[1]
:

P (∞)→ 0 , P (0)→−π . (6)

These three chiral angles are plotted in Fig. 1.

Fig. 1 Three different initial chiral angles.
Including the linear form (dotted line), the exponen-
tial form(solid line), and the inverse trigonometric form
(dashed-line).
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This article is organized as followed: In Sect. 2 we

introduce how the field equations for meson fields are

derived. In Sect. 3, we present the first iteration result

of the field equation from the three initial chiral angles.

The conclusions are reserved in Sect. 4.

2 The field equations for meson fields

The vacuum functional of the chiral quark soliton

model is
[1]
:

Z =

∫
DπDqDq̄ exp[i

∫
d4xq̄(i ̸ ∂−MUγ5

)q] . (7)

After integrating over the fermion fields q and q̄, one

obtains the effective action:

Seff =−Spln(−iD)=−lndet(−iD)

=− lndet[β(
∂

∂τ
+h)] , (8)

where h denotes the single quark hamiltonian, such

that:

h=
α ·∇
i

+Mβ(σ(r)+iπ(r)τγ5) ,

hϕλ(r)=Eλϕλ(r) . (9)

The classical energy of the soliton can be esti-

mated from the quark determinant in Eq. (8)
[5]
. It

can be written as:

Eclassical =Eval+Evacum , (10)

Eval is the valence quark energy contribution and

Evacum is the sea quarks energy contribution.

Because the effective action is ultraviolet diver-

gent and it can be regularized using a proper-time reg-

ularization such that[6–7]:

Sreg
eff =

i

2
NcT

∫+∞

−∞

dw

2π

∫+∞

1/Λ2

dτ

τ
×

Sp
[
e−τ(h2+w2)−e−τ(h0

2+w2)
]
, (11)

the total energy is then given as:

Esoliton =Eval[P (r)]+Evacum[P (r)]−Evacum[P (r)= 0]

=NcEval+
Λ

4
√
π
Nc

∫+∞

1

ds

s3/2
×[∑

λ

e−s(Eλ/Λ)2 −
∑
λ

e−s(EλV
/Λ)2

]
. (12)

Λ is also a parameter of the chiral quark soliton model,

coming from the Proper-time regularization which can

be set as 650 MeV
[8]
. M denotes the constituent quark

mass, which can be set as 420 MeV
[8]
. EλV

is the en-

ergy of the free single quark hamiltonian, such that:

h0 =
α ·∇
i

+Mβ ,

hϕλV
(r)=EλV

ϕλV
(r) . (13)

The field equations for meson fields can be ob-

tained by demanding the total energy of the soliton be

stationary with respect to variation of the chiral angle

P (r)
[4, 9]

, such that

δP (r)Esoliton =0 . (14)

This equation can then be simplified to:

sinP (r)Sn(r)= cosP (r)Pn(r) , (15)

where

Sn(r)=ϕ̄val(r,Ω)ϕval(r,Ω)+∑
λ

(− 1√
4π

∫∞
1

dss−1/2 Eλ

Λ
e−s(

Eλ
Λ

)
2

)×

ϕ̄λ(r,Ω)ϕλ(r,Ω) ,

Pn(r)=ϕ̄val(r,Ω)(i
⌢
rτγ5)ϕval(r,Ω)+∑

λ

− 1√
4π

∫∞
1

dss−1/2 Eλ

Λ
e−s(

Eλ
Λ

)
2

×

ϕ̄λ(r,Ω)(i
⌢
rτγ5)ϕλ(r,Ω) , (16)

ϕλ(r,Ω) and Eλ are the eigenfunctions and the cor-

responding eigenvalues of the single particle hamilto-

nian.

Eq. (14) is solved self-consistenly
[9]
. The proce-

dure is: (1) solve the eigenequation of the single parti-

cle hamiltonian Eq. (9) using an initial profile function

P (r). This step is accomplished by using a Kahana-

Ripka method which is given in Appendix, (2) a new

set of Sn(r) and Pn(r) is obtained using the eigenfunc-

tions and the eigenvalues of the hamiltonian Eq. (9).

(3) solve (15) to get the first iteration profile function

P (r). (4) repeat (1) to (3) to get the nth iteration P (r)

until the satisfying self-consistency is reached.

3 Numerical results and discussions

The first iteration chiral angles from different ini-

tial chiral angles are presented in Fig. 2. The first

iteration from the linear one has already been given in

Ref. [9]. They use Λ/M as the free parameter, which

they set it to be 1.4 when calculating the self-consistent

profile function. In our work, the value of Λ/M approx-

imately equals to 1.54.
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Fig. 2 The first iteration P (r) originating from three dif-

ferent initial chiral angles.
Including an initial linear form (dotted line), an initial ex-

ponential form(solid line), an initial inverse trigonometric

form (dashed-line).

It is easily seen from the picture that: the first

iteration chiral angle from inverse trigonometric chiral

angle vanishes after around 3 fm; the one from linear

form vanishes after around 2 fm; and the one from

exponential form vanishes after around 2.5 fm.

The self-consistent soliton solution after many

times iteration has been given in Ref. [3, 9]. In com-

parison with the more accurate self-consistent soliton

solution, it can be seen from Fig. 2 that in the re-

gion around r < 0.5 fm the first iteration self-consistent

soliton solution from the initial inverse trigonometric

form is closer to the more accurate self-consistent so-

lution; the first iteration self-consistent soliton solu-

tion from the initial exponential form is less close to

the more accurate self-consistent one; the first itera-

tion self-consistent soliton solution from the initial lin-

ear form is the least close one. However, in the re-

gion around 3 > r > 0.5 fm it can also be seen from

Fig. 2 that the first iteration self-consistent soliton so-

lution from the initial exponential form is closer to

the more accurate self-consistent solution; the first it-

eration self-consistent soliton solution from the initial

inverse trigonometric form is less close to the more

accurate self-consistent one; the first iteration self-

consistent soliton solution from the initial linear form

is the least close one. On the whole, the first iteration

self-consistent soliton solution from the initial expo-

nential form is closer than the inverse trigonometric

one to the more accurate self-consistent solution.

Therefore, we can conclude that if the initial

profile function is in the exponential form, the self-

consistency will be reached sooner than those in the

linear form or the exponential form after the same

times of iteration.

4 Conclusions

In conclusion, we investigate how fast the self-

consistency of the self-consistent soliton solution for

B = 1 system in the chiral quark soliton model is

reached through comparing the first iteration of the

self-consistent solution from three different initial chi-

ral angles, including a linear one, an exponential one

and an inverse trigonometric one. The results show

that the self-consistency of the self-consistent soliton

solution reaches faster than the other two chiral angles

when using the exponential chiral angle as the initial

chiral angle.

In our future work, we will present the more accu-

rate self-consistent soliton solution after many times

iteration, and take a more detailed insight into this

problem.

5 Appendix: Kahana-Ripka numeri-
cal method

The eigenstates of h0 can be used as a set of com-

plete basis to calculate the eigenvalues of h, which is

done by diagonalize h in the basis of the eigenstates of

h0
[2]
, because both h0 and h commutes with the grand-

spin operator G= J+τ(J =L+S) and the relativistic

parity operator
∏̂
.

According to Ref. [2,8,10], a plane-wave basis is

used as the eigenfunction of h0. They can be di-

vided into natural parity and unnatural parity. The

states with natural parity are those with GP =

0+,1−,2+...(G ̸= 0). For each GP (G ̸= 0), there are

four independent plane-wave solutions

φ(n)
a =Nk

 ijG(kr) |0⟩
k

|εk|+M
jG+1(kr) |2⟩

 ,

φ
(n)
b =Nk

 ijG(kr) |1⟩
−k

|εk|+M
jG−1(kr) |3⟩

 ,

χ(n)
a =Nk

 i
k

|εk|+M
jG(kr) |0⟩

−jG+1(kr) |2⟩

 ,

χ
(n)
b =Nk

 i
k

|εk|+M
jG(kr) |1⟩

jG−1(kr) |3⟩

 . (17)

where φ
(n)
a and φ

(n)
b are the positive energy solutions

with εk =
√
k2+M2 and χ

(n)
a and χ

(n)
b are the negative

energy solutions with εk =−
√
k2+M2 .

The unnatural parity states are those with GP =

0−,1+,2−...(G ̸=0), there are also 4 independent solu-

tions for each GP :
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φ(u)
a =Nk

 ijG+1(kr) |2⟩

− k

|εk|+M
jG(kr) |0⟩

 ,

φ
(u)
b =Nk

 ijG−1(kr) |3⟩
k

|εk|+M
jG(kr) |1⟩

 ,

χ(u)
a =Nk

 i
k

|εk|+M
jG+1(kr) |2⟩

jG(kr) |0⟩

 ,

χ
(u)
b =Nk

 i
k

|εk|+M
jG−1(kr) |3⟩

−jG(kr) |1⟩

 . (18)

where φ
(u)
a and φ

(u)
b are the positive energy solutions

with εk =
√
k2+M2 and χ

(u)
a and χ

(u)
b are the negative

energy solutions with εk =−
√
k2+M2.

The normalization of the plane waves are given

by
[8]

Nk =

[
2 |εk|

M+ |εk|

]− 1
2

[√
D3

2

∣∣jG+1(kD)
∣∣ ]−1

.

The equation below are the angular basis

corresponding to the angular momentum coupling

scheme
[8]
:

|0 ⟩=
∣∣∣∣l=G, j =G+

1

2
,GG3 ⟩ ,

|1 ⟩=
∣∣∣∣l=G, j =G− 1

2
,GG3 ⟩ ,

|2 ⟩=
∣∣∣∣l=G+1, j =G+

1

2
,GG3 ⟩ ,

|3 ⟩=
∣∣∣∣l=G−1, j =G− 1

2
,GG3 ⟩ . (19)

They form a complete orthogonal basis. According

to Ref. [2], the non-vanishing elements of
⟨
l′j′GG3

∣∣ r̂ ·
τ |ljGG3⟩ are

⟨0| r̂ ·τ |2 ⟩= ⟨2| r̂ ·τ |0 ⟩= 1

2G+1
,

⟨0| r̂ ·τ |3 ⟩=⟨3| r̂ ·τ |0 ⟩=
(−2

√
G(G+1))

2G+1
,

⟨1| r̂ ·τ |2 ⟩=⟨2| r̂ ·τ |1 ⟩=
(−2

√
G(G+1))

2G+1
,

⟨1| r̂ ·τ |3 ⟩=⟨3| r̂ ·τ |1 ⟩= −1

2G+1
. (20)

For G′
3 ̸=G3 or G′ ̸=G, the values are zero.

To calculate the eigenvalues of h, the continuous

parameter k has to be discretized by imposing the

Kahana-Ripka boundary condition
[2]
:

jG(knD)= 0 .

D is the radius of a spherical box where the system

has been put in. It is chosen to be larger than the

soliton size. In our work, we set it as D ≈ 6/M . The

basis is made finite by imposing a cut-off kmax on the

momentum k. It should be noticed that the cut-off

kmax has no physical meaning and has nothing to do

with the momentum cut-off Λ mentioned before. We

use the same kmax ≈ 7M as Ref. [3].
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由 3个不同的初始手征角给出的初次迭代后的自洽手征孤子解

江学敏，李云德

(云南大学物理科学技术学院，昆明 650091 )

摘要: 利用 3个不同的初始手征角，给出了重子数为 1的体系的平均场方程的一次迭代后的解，以此研究哪一种手

征角可以令平均场方程的解的自洽性更快地达到。对于不同的初始手征角，发现经过第一次迭代后，指数形式的手

征角给出的结果比别的手征角更接近自洽解的形状。

关键词: 自洽孤子解；手征夸克孤子模型；手征角
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