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Abstract: We investigate the static vortex solutions of a bilayer quantum Hall state at the Landau-level filling
factor v = 1/2. This work is based on the ZHK model, which is an effective field theory including Chern-
Simons gauge interactions. We deduce the dimensionless nonlinear equations of motion for vortices possessing
cylindrically symmetry, and analyze the asymptotical behaviors of solutions. Additionally, we analyze the values
of critical coupling constants under the self-dual condition, and obtain the self-dual equations. Finally, vortices
of type (0, 1), (0,
that vortex of type (1, — 1) is unstable, which will decay to (1, 0) and (0, — 1). The vortices of type (0, —1)

—1),(1, —1)and (—1, — 1) are solved with numerical methods. We reach the conclusion

and (—1, — 1) are self-dual solutions from numerical results.
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1 Introduction

The discovery of the fractional quantum Hall effect
(FQHE) in 1982 opened an exciting new area in condensed
matter physics. Many theories have been constructed to ex-
plain the FQHE, among of which the ZHK model is a sim-
ple and effective one. The ZHK model, proposed by Zhang
et al.'=2 and ReadP, is an effective field theory like the
Landau-Ginzburg theory of superconductivity. It could de-
scribe almost all the properties of the fractional quantum
Hall effect. In this model, the interacting electrons are
not only coupled to an external electromagnetic field but
also interacted with an additional gauge field, which is the
Chern-Simons gauge field.

Bilayer quantum Hall systems are typically construct-
ed by trapping electrons in two thin layers at the interface
of the semiconductors. This structure introduces an addi-
tional degree of freedom in the z direction, which means
new physics different from the monolayer systems. In this
paper, we will study a special type of FQH states, which
is called the bilayer-locked state, denoted by (m, n, l)[4].
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Here, m, n should be two odd integers, and / be an integer,
I < m, n. The electrons between the two layers are strong-
ly correlated, which could be described by the Halperin
wave function. We will search for the vortex solutions in
a bilayer-locked state with the Landau-level filling factor
v = 1/2, which is denoted by (3, 3, 1). This state can
only exist in bilayer systems, and has been observed exper-

imentally 59/,

2 The ZHK model in bilayer systems

We consider electrons confined in the xy plane in the
presence of a uniform external magnetic field along the z
axis, B= (0, 0, — B ), with B, > 0. Provided that the Zee-
man splitting is large enough and the electrons are all po-
larized, the dynamical degree of freedom associated with
spins could be ignored. Thus electrons in different layers
could be described by two scalar fields ¢y. In the following
analysis, we take the notation that the charge of electron is
g = —e, e=1and the metric is gy = (1, — 1, —1).

The Lagrangian of the effective theory of the FQHE
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in bilayer systems takes the form from Refs.[7-9] (in units
inwhichc=h=1)
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where the subscript, I, J = 1, 2, labels the layers, and the
Greek index, i, v, A =0, 1, 2, labels the time and space
components.

The first term in Eq. (1) is the Chern-Simons term,
which is associated with all the topological properties of
the system, such as the Hall conductance and the fraction-
al charge carried by the vortex. This model introduces two
Chern-Simons gauge fields, denoted by ayy, I =1, 2. They

are coupled by the coupling matrix

which determines the statistical properties of electrons. In
this paper, we work withm =3 and n=1. g, is the anti-
symmetric tensor with &1, = 1, the effect of which breaks
the the parity P and time reversal invariant 7.

The covariant derivative in the next two terms in-
volves both the Chern-Simons gauge field a;, and the ex-
ternal gauge field A,. Ay is the external gauge field de-
scribing the external magnetic field. As we never consider
the electric field here, it is convenient to work with the
Coulomb gauge, where Ag =0and V-A =0.

The last term in Eq. (1) is the self-interaction term,
where the long-range Coulomb interaction between elec-
trons is replaced by effective contact interactions!! 10-11],
The factor 1/2 here is to ensure that each interaction is
included only once. U and W are both positive coupling
constants, which have dimensions of length. Generally, in-
tralayer interactions are not equal to interlayer interactions,
U # W', The average density in the two layers takes the
same value p at the (3, 3, 1) state from the result?),

The equations of the motion from the Lagrangian Eq.

(1) are
- 1, v
qA0Qr = Do — —— ()
M 99/
with
v
—— =U(eP-p)oi +W( /> —p)o1 ,
¢
1
v
— =U(l@P —p)r+W(loi = p)g2,
I
2

2
Y 01(d1as — dan) = ~ L2, 3)
= 2

2
J; Op¢jdjazn = & {(Dli(PI)T(PI - (PITDIi(PI} . @
Here, we ignore the terms which possess the derivative of
fields with respect to time. Since we are concerned with
static classical solutions, all fields are time independent.

The covariant derivative is given by Dy, = dy +in T
with effective vector potential ,Z,“ defined by Xlu =ap +
Ay. Note that Dy involves the Chern-Simons gauge field
and the external gauge field, both of which are combined
into the effective vector potentials A [u- It is natural to ex-
press the equations in terms of effective vector potentials
glu, instead of a;, and Ay, as in Ref. [12].

From the constraint Eq. (3), the Chern-Simons vector
fields are completely determined by the electron densities.
It coincides with the fact that the Chern-Simons fields are
statistical fields rather than dynamical fields. There are on-
ly two independent dynamical fields ¢ and ¢,.

We can change the form of Eq. (3) into

_ 2 2
b === (mloiP+nlga?)
27
by == (nlgn P +ml@a?) )
e

where by are the Chern-Simons magnetic fields, defined
by by = diapp — dhay;. It means the electron in the first
layer carries two kinds of fluxes, i.e. the flux of aj is
¢1 = 27um/e, and the flux of ayy is ¢» = 27tn/e. The situ-
ation is similar for the electron in the second layer, which
possesses ¢ = 27tn/e and ¢, = 27tm/e. As can be seen in
Eq. (1), the electron in the Ith layer can only couple with
the ay,. Considering two electrons in the same layer, as
one electron moves adiabatically around another electron,
the wave function acquires a phase change 27tm, due to the
Aharonov-Bohm effect. But in the case when electron 1 is

in the first layer, electron 2 in the second layer, we move
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electron 2 round the electron 1. The moving electron 2 can
only feel the part of flux ¢, = 27n/e, carried by electron 1,
so the phase change is 27tn. All the conclusions coincide

with the Halperin wave function!!?!
Yinmn :H(Zi - Zj)mH(W,' - Wj)mn(zi - Wj)n X
1
exp |:4(Z|Zi|2+Z|Wi|2>:| . (6)

It is necessary to mention that the parameter M in

(8]

Eq. (1) is not the mass of the electron'® but a param-

eter with mass dimension depending on the Coulomb

interaction!!> 3 7]

. As has been proposed in Zhang et al.’s
paperm, the effective action takes the same form as the
microscopic action, but with a renormalized constant M
replacing the bare mass m,, and an effective contact inter-
action replacing the nonlocal interaction Coulomb interac-
tion. M, U and W are treated as phenomenological para-

meters.

3 Dimensionless vortex equations with
cylindrical symmetry

We will search for a set of static classical vortex solu-
tions. It is natural to take assumptions that the vortices are
cylindrically symmetric. Vortices should be solved with
polar coordinates (r, 0).

The form of equations of motion can be expressed
more clearly, when the Euler-Lagrange equations are
rewritten in terms of effective vector potential A only.

First, we note that
Ap =ap , (7

as Ag = 0. Then, due to the relation 1A, — hA| = —B,

we could obtain
dhap — dhap = B, + (1A — dhAn) . (8

Substituting Eqgs. (7) and (8) into Eqgs. (3) and (4) yields

2 ~ ~
Y oy [(911412 — A1) +BL] = —%|(PI|2 )
=

2

Z 0Oy€jdiAj 0 = ﬁ [(Dli(PI)T(PI - (P[TD]i(pI:| . (10
J=1 !

As we know, the FQHE can develop a series of plateaux,

when the magnetic field takes some special values. The

strength of B is expected to be determined by the mean

density and the filling factor. We use the result B, =
27t(m+n)pe directly.

The effective magnetic field in the Ith layer is intro-
duced as By = 91A;, — hA. Eq. (9) can be transformed

to be
By =2nt[m(jg1*—p) +n(l@2*—p)] . (1)

By =2n[n(|gi[* —p)+m(|l@al*—p)] - (12)

Eqgs. (11) and (12) imply that the effective magnetic fields
vanish as the densities of electrons approach the mean val-
ue. Integrating Eqs. (11) and (12) over the whole space,
it is easy to find the relations between the charges and
effective magnetic fluxes carried by the vortex. We take
the symmetric gauge where the vector potential has the
form A; = A;g(r)0, where 6 is the unit vector along the
azimuthal angle. The effective vector potential A has only
6 component, which is a function depending on the radius.
In order to make the Euler-Lagrange equations dimen-
sionless, we need to rescale the variables. The scalar field

¢y could be parameterized as the form

or = /pfieh? (13)

where f7 is selected to be real and dimensionless, A; and
A, are two independent integers. As the Lagrangian pos-

sesses a U(1) x U(1) symmetry!®!

, the group space must
be S! x S!. Meanwhile, the vortex is characterized by the
boundary condition at infinity, which is identical to a large
circle S'. The topology is determined by the homotopy
group 711 (S' x 1) = 71, (8') x 7 (S1)!"4 . Consequently,
the vortex is characterized by a pair of integers, A; and A,.
We indentify the vortex with (11, Az).

We also define the dimensionless coordinate variable
as € = x/A, where A is a characteristic length relative to
the size of the vortex. The dimensionless effective vector
potential AI, defined by glu = Alu /e, is introduced to

make the covariant derivative have the following form!!%!

= 1 d ..
(8,1 —1eA1ﬂ) o= T (ag# _1Alu> or - (14)

Here we choose the characteristic length A = 1//2MpU.
Substituting the above Egs. (13) and (14) into the Egs. (2),
(9) and (10) yields
1 RS .
T —fi— (L —A ) fit+xAnfi+
r r

(1= fi+BA—ffi=0, (15)
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(If we take I = 1, then J = 2, and vice versa)

. 1. 4 2
A’,9+7A19+B—KZZK,Jf}:O, (16)
J=1

A 2 2 )LJ n
Ap+x3 Y Ky fy — —Aw | =0, )
J=1
82
withK = —071,i e.
47t
m n
K:
n m

In Eqgs. (15), (16) and (17), r is the dimensionless radius
and B is defined by B = eA’B,. The B = W /U is a para-
meter depending on the ratio of the two coupling constants
W and U. All the three parameters k7, k» and k3 are di-
mensionless, and they are defined by

2M U 2K

—, K= K= ——.
ou 3

K1 = Iy
MU K1

It should be emphasized that Ay is a function of radius

only. And f7, AIO and Alg are all dimensionless fields.

4 Asymptotical conditions

The static energy of the vortex is expressed as

2
1
_ 2 |2
E= /d xI:El {ZM IDiigr|“+V(p)| - (18)

As we know, the vortices are stable objects with finite
energy. The energy-finiteness condition imposes a certain
boundary condition on the solutions of the fields. This con-
dition requires that each term of the energy density in Eq.
(18) vanishes at the point far away from the core of the
vortex. It means

Djior — 0, (19)

V(p) >0, asr — oo (20)
the condition Eq. (20) implies that the fields approach the

ground-state value

|@1| = /P, asr— oo 20D

Consequently, it follows from Eqgs. (11) and (12) that the
effective magnetic fields vanish at infinity. The effective
vector potentials are pure gauges in these areas, which can

~ 1
be expressed as A; = ——V(A4;60). The asymptotical form
q

419 We rewrite it with the polar coordinates,

is @ — \/pe
and find that

~ ~ A
A —0, A19—>——1, as r— oo,
qr
The covariant derivatives satisfy
Digor — 0, Do —0, as r — oo

Additionally, the total effective magnetic flux in the Ith lay-

er is quantized

27‘[7L[
.

o = / d*xB; = (22)
Consequently, the asymptotical conditions at infinity for

the dimensionless solutions are

A —0. (23)

The last condition in Eq. (23) is due to Eq. (2), the right
part of which vanishes as ¢ approaches the ground value.
We use these asymptotical conditions in Eq. (23) to select
the right parameters, when applying numerical methods.

It is convenient to rewrite the static energy with inte-

gration over the dimensionless radius
ip / B [ N M i oo
E=— drr +(——-A +
M o 1:21 17+ —A) i
+oo U 2
2mA?p? / drr| = Y (fF - 1)
P7 )y A LU

W(ff—l)(fzz—l)} : (24)

The asymptotic solutions for the short-distance limit
are easily found. The fields can be expanded in terms of
radius. It is sufficient to retain only the nontrivial lowest-
order terms in the core region. The vortex is labeled by a
pair of integers (A1, A2). We will calculate the vortices of
type (0, 1), (0, —1), (1, —1)and (—1, —1). In the case
of A; # 0, the phase of scalar field on the Ith layer is well
defined except the point at the core center. It is a singular
point where ¢; should vanish, ¢;(0) = 0. But when we set
A; = 0, this kind of constraint never exists. The finiteness
of the effective magnetic fields also implies effective vec-

tor potential fields X[g vanish at the origin. Thus, we divide
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our problems into two cases. In the case 4 =0, A, = +1

the fields can be expressed as

1
fi(r) ~mn ~7 (kio1+1+B—nf)mr*,

1
fa(r) ~mor — 3 [K10'2+ 1+8 (1 —ﬂf)}ﬂzr3 )

o 1 4
App(r) =~ 5 (B— K2K117112) r+apr’,

Ap(r)~or+bpr?, asr< 1, (25)

where, 11, 12, 0] and 0, are free parameters, which fix all

the other coefficients of the Taylor expansions of the fields.

In the case [A;| = 1,|A2| = 1, the situation is the similar
! 3
Ji(r) = mr— 3 (I+B+wxio)mr
1 4 1
o~ —ZBr—i— ZKZZKIJnJZrB ,
N 1
An(r) =01 = 5 K3 Y Kuynjar?,

Ape(r)

asr<1, (26)
here, 11, 12, 01 and o0 are free parameters too.

5 Self-dual condition

Substituting the Bogomol’nyi decomposition!'®!

D> = | (D1 £iD2)@|* F qB|@* £ €79, ,
27)

ID1o|* +

where
Ly s
Jj= 5 |0'Dio—0(D;0)"] .
into the energy Eq. (18), and dropping the surface term, we
get that

2
I 1 2 mn
E—/d x{; M {\Dlﬂm T qBi| | }‘FV(P% (28)

where

Djy =Dp +iDp, .

We find
E = / d*x Z

(Zi";) (I_Zl(lfpz2 —p)2> +

(WizM) (I =p) (l@2)* —p) £

2

|D1¢ (PI

)p2|¢Ffp (29)

i=I

Now, we choose the minus sign and require that U and W
take critical values, U = 27tm/M and W = 27tn /M, respec-
tively, the coefficients of the second and third term vanish.
Using Egs. (11) and (12), the energy can be written in a

simple form

E = /dzxz |D1 (p1| —
1 -~
WBL(BI +Bz) 5 (30)

where B; = 91Aj» — A} is the effective magnetic fields.
From Eq. (30), the energy is bounded below by a mul-
tiple of the total effective magnetic flux. This bound is sat-

urated by solutions to the first order equations
(D[l —iDlg)(pl =0. (31)
Integrating Eq. (30) over the whole systems, we obtain
E=—-L(g1+6) (32)
2M ’

where (51 is the effective magnetic flux defined in Eq. (22).
The energy is proportional to the sum of fluxes between
two layers. We will verify that the (0, — 1) and (—1, — 1)
both do give the right energy value coinciding with Eq.
(32). The two are indeed self-dual solutions.

We decompose the scalar field ¢; into its phase and
magnitude ¢@; = p;ei“” . From Eq. (31), the effective
gauge fields everywhere away from the zeros of the scalar
field can be expressed by the phase and magnitude of the

scalar fields!!0!
~ 1
qAj = —(9,'0)] =+ Eé‘ijaj lnpl . (33)

Egs. (11) and (12) then reduce to nonlinear equations for

the densities py

V2 Inpy = 4me* [m(p1 —p) +n(p2—p)] ,

Vi Inpy =4me*[n(p1—p)+m(p2—p)] . (34)
Substituting Eqgs. (27), (31), (11) and (12) into Eq. (2), it
is easy to find that glo =B /2M. We could also change
the form of Eq. (33) into f;/f; = eArg — Ay /r. Using these
relations, it is simple to find that Eq. (34) is equivalent to
equations of motion (15), (16) and (17).

6 Numerical solutions

The existence of external magnetic field makes the
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parity P of the systems broken!!”). So the vortex of type
(0, 1) must behaves differently from (0, — 1). In addition,
it is easy to find that the Lagrangian Eq. (1) maintains the
same form, when we interchange the layer index between
two layers. This implies we only need to study the solu-
tions of the types such as (0, 1) and (0, — 1), other types
such as (1, 0) and (—1, 0) could be neglected.

We have to solve these nonlinear coupled Eqgs. (15),
(16) and (17) with numerical method. Here, we choose
the electron mean density p = 1 and set the mass param-
eter M = 1. Suppose that U = 2, W = 2, this is the case
when the intralayer interaction and interlayer interaction
equals. We perform numerical calculations for vortices of
the type (0, — 1), (0, 1) and (1, —1). The energy of vor-
tex is calculated using Eq. (24), and the charge is obtained
through the integration of f7 — 1. We find the parameters
n ~ 1.116, np, ~ 1.311, 01 ~ —0.409 and 0, ~ —1.646
for type (0, — 1), whose energy is E _) ~ 1.685. The

1 1
total charge carried by this vortex is Ze, with QO ~ —ge

and Oy ~ %e. The effective magnetic flux is found to

be Eﬁl ~ (0 and (52 ~ —2m. The energy for vortex of
type (0, 1) is Eg, 1) =~ 7.507, whose free parameters are
N~ 1.244, 1, ~3.052, 61 ~2.779 and 0, ~ 16.178. The

1 1
total charge carried by this vortex is 7 with Q1 ~ ge

3
and Qp ~ -5 The free parameters for vortex (1, —1)
are 1y ~ 3.777, N, ~ 1.731, 61 ~20.707 and 0, ~ 4.016,
and the energy is E ;) ~ 11.237. It is neutral, with

Since our solutions satisfy
(23),
it is expected that the vortices take fractional charge val-

1 1
Q1 ~ —Ee and Q; ~ ze.
the asymptotical conditions at large scale in Eq.

ues on different la-yers, which agrees with the result from
Refs.[4, 18].

normalized magnetic fields Begy = B, /B are depicted as

Here, the normalized scalar fields f; and

functions of dimensionless radius r for the vortices of type
(0, —1), (0, 1) and (1, —1). See Fig. 1 for details. We
find that the energy of vortex (1, — 1) is larger than the
sum of (0, — 1) and (1, 0). In this case, vortex (1, — 1) is
not stable. It will decay to two free vortices, the (0, — 1)
and (1, 0), with conserved topological number.

We take U = 2, but set W = 0, which implies the in-

©. 1) (b) (c)

Fig. 1

s
B
Lh
o -
)
TN
Lh

Vortex solutions of type (0, —1), (0, 1) and (1, — 1) withU =2 and W =2.

Solid lines show f; and dashed lines denote Begy;.

teraction between electrons in different layers is switched
off. The vortices take the same charges as the former
case. The free parameters of (0, — 1) are 1y ~ 1.082,
ny ~ 1.356, 01 ~ 0.285 and o, ~ —1.654, whose ener-
gy Eq, 1) ~ 1.808. The energy of (0,1) E(, 1) =~ 7.609,
with n; ~ 1.205, m, ~ 3.134, 61 ~ 2.973, 0, ~ 16.543
and E(; ;) ~ 11.497. Once again, vortex (1, —1) is
also unstable. See Fig. 2. Finally, we consider the self-
dual solutions, in which case the coupling constants take

U =27mm/M and W = 27tn/M. See Fig. 3. The solutions

for (0, —1) and (—1, — 1) are indeed self dual solutions,
whose numerical energy value agrees with Eq. (32). The

static energy approximately equal 7, E(g 1) ~ 3.14. The

1
charges on the first and second layers are nearly Q; ~ — 3¢

3 ~ -
and Oy ~ 3 and the effective fluxes are ¢; ~ 0 and ¢ ~
—2m. Similarly, the energy for (—1, — 1) vortex is al-

most E(_,

1
Qzﬁz

and (1, —1) are non-self dual solutions. We find that ener-

_1) =~ 27, and the charges are 0 ~ Ze and

e. The solutions for other vortices, such as (0, 1)
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gy of vortex (0, 1) obtained through numerical integration,

E(, 1) ~ 8.65, which is much larger than that of the

(0, —1) type. And for type (1, —1), Ej _y) =~ 13.86.

Vortex (1, — 1) will also decay.

0. 1) (b)

B

TN e
S~ .

0F- +-- B

Fig. 2 Vortex solutions of type (0,

—1),(0, 1) and (1, —1) withU =2 and W =0.

Solid lines show f; and dashed lines denote Begy;.

0, =1) (a)

(==dy=1)

(b) (L, =1) (c)

s T - 'r-
. ! :"-
[ ¥
i I
-1 L 1 1 L —1 ! | -1 L !
0 2 4 6 8 10 0 5 10 15 0 3 10

Fig. 3 The coupling constants take the critical values U = 27um /M and W = 27tn /M.

(a) and (b) are self-dual solutions, (c) is non-self dual solution. In the case of (b), fields in the two layers take the same value, the lines

coincide with each other.
7 Summary

In this paper, we study the vortices in the bilayer quan-
tum Hall systems at the filling factor v = 1/2. All the
work is based on the ZHK model, which is an effective
field theory with Chern-Simons gauge interactions. We
take the assumption that the vortices are time independent
and possess a cylindrical symmetry for simplicity. Conse-
quently, the equations of motion could be radius dependen-
t only. We rescale the variables to obtain the dimension-
less Egs. (15), (16) and (17), during which not only the
fields but also the parameters are all dimensionless. These
nonlinear coupled equations are solved through numerical
methods. It is surprising that solutions satisfying asymptot-
ical conditions in Eq. (23) do exist. We use these solutions

to integrate the charges and effective fluxes, yielding the

right fractional charge and flux unit. Vortices possess frac-

tional charges in the two layers. Q| ~ —ge and Q) ~ ge

1 3
for (0, —1). Q| ~ 3¢ and Oy ~ —g¢ for (0, 1). The vor-

tex of (1, — 1) is neutral, with Q] ~ —%e and Q, ~ %e.
We analyze the numerical energy values of vortices of the
type (0, —1), (0, 1) and (1, —1), finding that (1, —1)
will decay to (0, — 1) and (1, 0). Additionally, we also
analyze the form of static energy, finding that the self-dual
solutions exist when the strength of self-interactions take
the values U = 27tm/M and W = 27tn/M. The vortices of
type (0, — 1) and (—1, — 1) are indeed the self-dual solu-
tions, the energy of which coincide with our analysis in Eq.
(32).
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