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Abstract:Withgreatsignificanceindescribingthestateofquantumsystem,theWignerfunction
ofthespinhalfnon灢commutativeLandauproblemisstudiedinthispaper.Onthebasisofthere灢
viewoftheWignerfunctioninthecommutativespace,whichissubjecttothe*灢eigenvalueequa灢
tion,HamiltonianofthespinhalfLandauprobleminthenon灢commutativephasespaceisgiven.
Then,energylevelsandWignerfunctionsintheformofamatrixofthespinhalfLandauproblem
inthenon灢commutativephasespaceareobtainedbymeansofthe*灢eigenvalueequation(orMoyal
equation).
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1暋Introduction
Inrecentyearsthe Wignerfunctionhasen灢

joyeda widepopularityinvirtuallyallareasof
physics.Asaquasi灢probabilitydistributionfunc灢
tioninphase灢spaceandahighlysemi灢classicalap灢
proximation[1],theWignerfunctionhasbeenuse灢
fulindescribingquantumtransportinquantumop灢
tics,nuclearphysics,decoherence(e.g.quantum
computing),quantum chaos,signalprocessing,

etc..Nevertheless,aremarkableaspectofthe
Wignerfunctionwasnotpioneereduntil1975by
MoyalaccordingtotheinternallogicofQuantum
Mechanics[2].Infact,withtheMoyal*灢eigenvalue
equationasitsgeneralform,theWignerfunction
isnotonlyasvaluableasotherformulations,such
asSchr昳dinger,Heisenbergregularizationopera灢
tor,Feynmanpathintegralquantization,etc.,but
also of great significance in modern quantum

measurement.Forexample,the Wignerfunction
ofanensembleofheliumatomswasdiscussedin
Ref.[3].

Furthermore,theemergenceofthenoncom灢
mutativegeometry withaneutralwayinstring
theory/(M灢Theory)inadefinitelimitnotonly
providesaneffectiveanalysisoftheduality,BPS
stateand D灢branedynamics,butalsocausesa
revolutioninthewholephysicaltheory[4-5].Inthe
ultra灢microfieldthespace灢timecoordinateswhich
arenevercommutativecansatisfytheuncertain灢re灢
lationofspace灢time.Withthis,thespace灢time
pointlosesitsoriginalsenseandthegeometry
whichdescribestheoriginalphysicalphenomenona
isnotconsistentwiththenewphysicsinthisspace灢
timearea.Therefore,itisnecessarytohaveanew
space灢time geometry灢noncommutative space灢time
geometrytodescribethegravitation[6].Especially,
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Yang灢Millstheory(NCYM)inthenon灢commuta灢
tiveflatspace,therelationshipbetweennon灢com灢
mutativegeometryandthe D灢membranekinetic
needpayinggreatattention.Recentstudiesshow
thatthe *灢eigenvalueequationwhichthe Wigner
function obeys in the phase space is the
*灢eigenvalueintheMoyalequation,anditisthe
sameasMoyal灢Weylproductinultra灢spintheories.
Thecausesofsuchsamenessareworthpondering.
Thus,inrecentyearstherehavebeenalotof
delightfulachievementsin the noncommutative
fieldtheory,thetopologicalphaseandthecorrec灢
tionofnoncommutativeenergylevels,etc.[7-20].
Forexample,Refs.[21-26]havestudiedthe
Wignerfunctioninnoncommutativespace.With
theintroductionoftheWignerfunctionincommu灢
tativespaceandits *灢eigenvalueequation,the
Wignerfunctionsandenergylevelsofspinhalf
Landau problem inthe non灢commutative phase
spaceareanalyzedandobtainedby meansofthe
*灢eigenvalueequationinthisarticle.

2暋WignerFunctionandIts*灢eigen灢
valueEquation

Thispartintendsto makeareview ofthe
Wignerfunctionandits*灢eigenvalueequation.Itis
knownthattheWignerfunctionisofgreatsignifi灢
canceinthephysicalmeasurementsandtheoretical
studies.Inthephasespacewiththedegreeoffree灢
domnthegeneralformoftheWignerfunctionis

W(x,p,t)= 1
(2毿淈)n曇

曓

-曓
dye-iyp暣x-暋暋暋

y
2旤̂氀旤x+y

2
暤. (1)

Thisisaspecialrepresentationofthedensity
matrix.Alternatively,itmayberegardedasthe
auto灢correlationfunctionofthewavefunction氉(x)

inthequantitativesubsystem.
AccordingtoEq.(1),wecanprovethatthe

time灢dependentWignerfunctionhasthefollowing
dynamicevolutionequation

灥W
灥t =-p

m
灥W
灥x +灥V

灥x
灥W
灥p

. (2)

暋暋Ofcourse,wecanalsosolvetheMoyalequa灢
tioninsteadoftheSchr昳dingerequationtogetthe
followingequationwith*淈灢eigenvalue[19],

灥W
灥t =H*淈W -W*淈H

i淈
, (3)

wherethe*淈灢productis

*淈=expi淈
2

(灥
濛

x灥
濚

p -灥
濛

p灥
濚

x
é

ë
êê

ù

û
úú) . (4)

暋 暋 Sincethe *淈灢productinvolvesexponential
operators,muchdifficultyexistsintherealcalcu灢
lation.Infact,淈isaverysmallvolume,so
*淈灢product,asaseriesexpansion,can beex灢
pressedas[19]

f(x,p)*淈g(x,p)=暋暋暋暋暋暋暋暋暋

fx+i淈
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or
f(x,p)*淈g(x,p)=暋暋暋暋暋暋暋暋暋

f(x,p)gx-i淈
2灥

濚
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æ

è
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ö

ø
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Inthisway,theWignerfunctionmeetsthebinding
*淈灢eigenvalueequations[19]

H(x,p)*淈W(x,p)=H x+i淈
2灥

濚

p,p-i淈
2灥

濚
æ

è
ç

ö

ø
÷x 暳

W(x,p)=EW(x,p) (7)

and
W(x,p)*淈H(x,p)=暋暋暋暋暋

W(x,p)H x-i淈
2灥

濚

p,p+i淈
2灥

濚
æ

è
ç

ö

ø
÷x =

EW(x,p). (8)

暋暋HereEistheenergyeigenvalueofH氉=E氉.
AlthoughEqs.(7)and (8)completelydescribe
thenatureofthe Wignerfunction,whatisstill
worthmentioningisthatthemethodoftransfor灢
mationfrom *灢productinthenon灢commutative
phasespacetothegeneral multiplicationisthe
sameasthatofconversionbetweenMoyal*灢eigen灢
valueEqs.(7)and(8).Therefore,thestudyon
the Wignerfunctionin non灢commutative phase
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spaceisofgreatsignificance.

3暋HamiltonianofElectronsinaMag灢
neticFieldintheNon灢commutative
PhaseSpace
Thissectionaimsatgetting Hamiltonianfor

electronsinamagneticfieldinthenon灢commuta灢
tivephasespace.Itisknownthatinthenon灢com灢
mutativephasespace,thesteadystateSchr昳dinger
equationisusuallywrittenas[22]

H(x,p)*氉(x)=̂E氉(x). (9)

Here,Moyal灢Weylproductorthe*灢productisde灢
finedas

*=exp[i毴ij

2毩2 灥
濛

xi灥
濚

xj +i毴
灢

ij

2毩2 灥
濛

pi灥
濚

pj
]. (10)

Thus,asaseriesexpansion,*灢productcanbeex灢
pressedas

(f*g)(x,p)=f(x,p)g(x,p)+
i

2毩2毴ij灥x
if灥x

jg旤xi=xj +

i
2毩2毴

灢

ij灥p
if灥p

jg旤pi=pj +O(毴2), (11)

wheref(x)andg(x)aretwoarbitraryfunctions.
Now,webegintodiscusstheenergylevelofelec灢
tronsinthemagneticfieldinthenon灢commutative
phasespace.AccordingtoRef.[22],intwodi灢
mensionswecanrewriteEq.(11)as

x̂1=毩x1- 1
2毩淈毴p2,̂x2=毩x2+ 1

2毩淈毴p1,

p̂1=毩p1+ 1
2毩淈毴

灢

x2,̂p2=毩p2- 1
2毩淈毴

灢

x1,(12)

here,毴and毴
灢

arebothsmallnon灢commutativepa灢

rameters.FromRef.[22]weknow毴
灢

=4毩2淈2(1-
毩2)/毴,毴曑(104 GeV)-2,where毩isanothernon灢
commutativeparameter.

Now,let暞sdiscussthemovementoftheelec灢
tronwiththequantityofelectricchargeeinthe
uniform magneticfieldB(0,0,B).Intermsofthe
electronicmass毺andspin1/2,whentheelectron

movesintheo灢xy plane,its Hamiltonianinthe
phasespaceis

H= 1
2毺
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e淈B
2毺c氁Z. (13)

Accordingtothe Moyal灢Weylproduct,wecan
changethe*灢producttotheordinarymultiplication
onlybymeansofaBoppchangeH(x,p)曻橨(̂x,

p̂).Asaresult,theHamiltonianoftheelectronin
themagneticfieldinthenon灢commutativephase
spaceis

橨=1
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+e淈B
2毺c
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暋暋InsertingEq.(12)intoEq.(14),wegetthe
Hamiltonianinnon灢commutativephasespace

橨= 1
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Ordering

焿毺= 毺
(毩+ eB

4淈毩c毴
)2

,焿氊L =

eB毩
c +毴

灢

淈毩

2焿毺毩+ eB
4淈毩c
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,(16)

weobtain

橨=
1
2焿毺

(p2
1 +p2

2)+1
2
焿毺焿氊2

L(x2
1 +x2

2)+

焿氊L(x2p1-x1p2)+e淈B
2毺c

氁̂Z.暋 (17)

Here焿毺and焿氊Laretheelectron暞sequivalentmass
andequivalentfrequencyrespectivelyinthemag灢
neticfieldinthenon灢commutativephasespace.

4暋TheWignerFunctionandEnergy
LeveloftheSpin Half Landau
ProbleminNCPhaseSpace
ThissectionprovidestheWignerfunctionand
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energylevelofthespinhalfLandauprobleminNC
phasespace.Fromthethirddsectionweknowthe
HamiltonianofspinhalfLandauprobleminthe
non灢commutativephasespace

橨=
1
2焿毺

(p2
1 +p2

2)+1
2
焿毺焿氊2

L(x2
1 +x2
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氁̂Z.暋 (18)

Takingintoaccounttheelectronspinaswell
asaPaulimatrix
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1
,

weknow thatin therepresentation of氁̂Z the
Wignerfunctionhasthefollowingform
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Thus,inthephasespacethespinhalfLandau
problemisdescribedbythefollowingequation
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Aftercalculation,wegetthe Wignerfunctionof
thespinhalfLandauprobleminthenon灢commuta灢
tivephasespace
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(p2
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Intermsof

毰̂1=Ê1-e淈B
2毺c

,暋̂毰2=Ê2+e淈B
2毺c

, (23)

Eqs.(21)and(22)changeto
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InsertingtheMoyaleigenvalueequationintoEqs.
(24)and(25)respectively,wehave

1
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[
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and
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ThisequationissimilartotheLandauproblem.

Nowlet暞sintroducefournewvariablesXi(i=1,

2,3,4)forEq.(26),
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2焿毺焿氊L

p2+
毺
~氊~L

2
x

æ

è

ç
ç

ö

ø

÷
÷1
,

X2= 1
2焿毺焿氊L

p1+
毺
~氊~L

2
x

æ

è

ç
ç

ö

ø

÷
÷2
,

X3= 1
2焿毺焿氊L

p1-
毺
~氊~L

2
x

æ

è

ç
ç

ö

ø

÷
÷2
,

X4= 1
2焿毺焿氊L

p2-
毺
~氊~L

2
x

æ

è

ç
ç

ö

ø

÷
÷1 . (28)

·634· 原 子 核 物 理 评 论 第28卷暋



Straightforwardcalculationleadsto

1
2焿

[
毺

3焿毺焿氊L(X2
2 +X2
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Withtwomorenewvariables毼and毲,

毼:=2
淈

(X2
1 +X2

3),

毲:=2
淈

(X2
2 +X2

4). (30)

Eq.(29)mayberewrittenasfollows,
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Withtheseparationofvariables,Ŵ1 (毼,毲)=

Ŵ1(毼)1Ŵ1(毲)2,̂毰1=6̂毰2-2̂毰1,wehave
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Finally,wecanfindthesolutionsforEqs.(32)and
(33)
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Symmetrically,weget

Ŵ2(毺,毻)mn =
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(39)

暋暋ThesearetheveryWignerfunctionandenergy
levelofthespinhalfLandauprobleminnon灢com灢
mutativephasespacewheretheadditionalitemsof

bothnon灢commutativeparameters毴 ,毴
灢

and毩are

included.Whenboth毴
灢

and毴arecloseto0,毩is
closeto1,andtheresultsarebacktobethatinthe
commutativespace.

5暋Conclusion

Thereiswidespreadchargedparticlesmoving
ina magneticfieldinnature,sodiscussingthe
chargedparticlesisofgreattheoreticalsignificance
andapplicationvalueinthemagneticfield,suchas
cyclotron massspectrometry,magneticfocusing,

Halleffect,ZeemaneffectandtheLandauproblem
andsoon.Asaquasi灢probabilitydistributionfunc灢
tiononphasespace,aspecialrepresentationofthe
densitymatrix,andagoodsemi灢classicalapproxi灢
mation,the Wignerfunctionisveryimportantin
quantum measurement.Inthisarticle,ontheba灢
sisoftherevisionofthenatureofWignerfunction
inthecommutativespacethe Wignerfunctionof
thespinhalfLandauprobleminnon灢commutative
phasespaceisobtainedbythe*灢eigenvalueequa灢
tion(Moyalequation).Theresultisofgreatsig灢
nificanceinmanypracticalproblemsbecauseitnot
onlyshowsthatthe Moyalmethodinthephase
spaceandotherquantization methodsareequiva灢
lent,butalsosupportsthatitiscompatiblewith
classicalmechanics.Thisistheveryimportanceof
theWignerfunction.
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自旋1/2非对易朗道问题的 Wigner函数*

王亚辉1),剡江峰,袁 毅
(陕西理工学院物理系,陕西 汉中723001)

摘暋要:Wigner函数在对量子体系状态的描述方面具有重要的意义。讨论了自旋1/2非对易朗道问题的

Wigner函数。首先回顾了对易空间中 Wigner函数所服从的星本征方程,然后给出了非对易相空间中自旋

1/2朗道问题的 Hamiltonian,最后利用星本征方程(Moyal方程)计算了非对易相空间中自旋1/2朗道问题

具有矩阵表示形式的 Wigner函数及其能级。
关 键 词:自旋1/2朗道问题;Wigner函数;非对易相空间;均匀磁场
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