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Abstract: Exploring the nonlinear dynamics of the negative feedback loop composed of p53 and
Mdm2 proteins, we propose a signal-response model to study the dynamical mechanism of the
different oscillatory behaviors for the activities of p53 and Mdm2 proteins both in individual and
population of cells. It is shown that the sustained and damped oscillatory dynamics could be de-
scribed in a unified way when the dynamics of damage-derived signal is properly introduced.
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1 Introduction under certain conditions , the activities of the average

Cells, as physiological regulatory systems, re-
spond appropriately to various types and strength-
ens of external and internal stimuli by complex
networks of interacting genes and proteins that
process information. A common type of networks
across organisms is the well-known negative feed-
back loop composed of one transcription arm and

L5 In human cells,

one protein-interaction arm
there exists a loop of the tumor suppressor protein
p53 and its transcriptional target Mdm2.

The experiments on the signal-response rela-
tion between DNA damage and p53 expression
have been carried out recently both at the popula-

tion of cells'” and in individual cells®. The for-

mer" " has shown that
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protein levels of p53 and Mdm2 behave damped os-
cillations due to DNA damage. The stronger the
damage is, the higher and broader the amplitude of
the average response. In contrast, the latter'” sets
out to address that in response to ionizing radia-
tion, cells emit p53 in discrete pulses of fixed
height and duration which do not depend on the
strength of DNA damage, and with different num-
ber of pulses for the genetically identical cells. The
mean number of pulses increases with the extent of
DNA damage ™.

Several simple theoretical models™ ' based
on the p53-Mdm2 autoregulatory feedback between
the transcription of p53 and Mdm?2 proteins have
been proposed to qualitatively describe the dynami-
cal behaviors of average protein levels in popula-
tion of cells. However, what is the mechanism for
the sustained oscillatory behaviors in individual
level, what is the relation between the damped os-
cillatory behaviors in population of cells and un-
damped oscillatory behaviors in individual cells and
whether one can describe these two kinds of dy-
namics in a unified way is still a challenging theo-
retical subject? *,

In this paper, we propose a unified theoretical
model of p53-Mdm2 negative feedback loop with
the aim to describe the dynamical behaviors of pro-
tein levels both in individual and populations of
cells in a self-consistent and unified way. It should
be emphasized that the different from the previous

(5781 ' the dynamics of damage-derived sig-

models
nal is paid special attention in this paper in addition
to take the knowledge of the biochemical mecha-
nism of the system and to be simplified to the ma-
jor components in the system, because the signal
plays a crucial role in describing the different dy-
namical activities of the system. In the cellular
level, the damage-derived signal is assumed as the
form with abrupt transition (“on” < “off 7 ) as
signal strength passes forth and back across a

threshold. For the case of population of cells, the

signal should be an exponential function in time re-

sulting from the ensemble average of the individual
cells. Under above-mentioned considerations, the
different oscillatory behaviors of experimental re-

2

sults'* 2 will be satisfactorily reproduced in this

paper.

In section 2, a phenomenological dynamical
model will be introduced for the negative feedback
network of p53-Mdm2 interaction. In section 3,
the numerical results and the analysis will be
shown for various conditions. Finally, the last sec-

tion will be devoted for concluding remarks.

2 Model

We assume that the concentration of p53 pro-
tein P(z) obeys the following kinetic equation:
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On r. h.s. in Eq. (1), the first term describes the
synthesis rate of the p53 protein, the second one
represents Mdm2- and signal-dependent degrada-
tion of p53 and the last one reflects an Mdm2-inde-
pendent mechanism for p53 degradation. The coef
ficient ap represents the ability of Mdm2 to pro-
mote p53 degradation, and controls the basal level
of p53. wp is the rate of Mdm2-independent degra-
dation of p53. S(z) is the damage-derived signal
that is the key component as described above. The
introduction of parameter 7p is to take into account
that to what extent the damage-derived signal S(z)
might inhibit the p53 degradation induced by the
activation of Mdm?2 protein,

M (t) represents the concentration of Mdm2
protein whose kinetic equation is given as:

dM (1)
dz

:SM _’_amp(t)*/l\/[M(t) . (2)

Here the coefficient Sy denotes the rate of p53-in-
dependent Mdm?2 transcription and translation,
whereas the last term describes Mdm2 degrada-

tion. The coefficient ay denotes the maximal initia-
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tion rate of Mdm2 transcript initiation upregulated
by p53".

(¢) in the second term, a mathematical representa-

yu is the rate of Mdm2 degradation. I

tion of an unknown mechanism leading to the regu-
lation of transcription of Mdm2 by p53 protein, is
a Hill-type function and reads

{P(t— )N
KY+{PG—1o)}"

Ira) = , (3

where time 7 takes into account the transcriptional
and/or translational time delay, between the acti-
vation of p53 and the induction of Mdm2. The pa-
rameter K corresponds to some sort of threshold-
for-activation for p53-protein concentration, and N
is a Hill coefficient that determines the steepness
of I'(o).

It should be mentioned that it is not so easy to
define the values of all the parameters incorporated
in the model. Most of the parameters cannot be
defined since the lack of reliable experimental da-
ta. Some of them can be roughly estimated phe-
nomenologically, for example, up is taken to be
small with respect to the Mdm2-dependent rate of
p53 elimination, reflects the fact that although
other mechanisms for the degradation of p53 may
exist, a large body of data points to Mdm2 as the

L. Typical transcrip-

key regulator of p53 stability
tional elongation and processing rates would result
in a time delay of around 20—60 min™. The first
order degradation rate of Mdm2 gy could be chosen
as 0. 05/min, which corresponds to Mdm2 half-lives
approximately 20—25 min under basal condition. The

Hill coefficient N is set to be 20 with reference to Ref

10
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[1].

The numerical simulation has shown that
when the parameters used in this paper change in a
reasonable range, the oscillatory behaviors of the
solutions of Eqs. (1) and (2) are robust, and the
eigenvalues of the dynamical matrix of Eqs. (1)
and (2) are always negative. Thus the solutions

are expected to be always stable.

3 Numerical Results and Discussions

3.1 The case of individual cells

When cells are exposed to the damaging a-
gents, such as UV or ionizing radiation, the signal
S(z) will be derived which eventually activates an
initial pulse of p53 concentration. From the biolog-
ical point of view, in cellular level, S(#) can be
considered as switch “on” and will be with abrupt

transition from “on”

to “off” when signal is re-
solved, as the behavior of the p53-Mdm2 system e-
volves to give reasonably defined quanta of repair
2

enzymes in response to stress'?. S(z) might be de-

fined as:

19 tgnfrh
S(t) =00t —nty) = . 4)
0, t > nty,

Where n is a non-negative integer. t, is the charac-
teristic duration within which the signal stress is in
the region of oscillatory response and a pulse is ac-
tivated. nr, accounts for the total time scale of S
(t). The value of r, used in this paper is 7,125
min, which is obtained from the characteristic fre-

quency of the solutions of Egs. (1) and (2).

—
N
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Fig. 1 Concentration of p53 tumor suppressor protein and its transcriptional target Mdm2 relative to their basal levels

with the parameters: Sp=0.5, ap=2.5, 7p=0.968, up=2.5X10"*, Sy=2.35X10 ", ay=0.03, puy=0.05,
K=25, N=20. The initial conditions of P(#) and M(z) are defined by their basal values as P(0) =4. 25 and M

(0)=0.047. The dynamics of signal S(z) is described by Eq. (4). The transcriptional time delay z=25 min.

Fig. 1 shows the dynamical evolution of the
concentration of p53 and Mdm2 proteins for the
case in individual cells with S () defined in Eq.
(4), which are scaled with their basal values P(0)
=4, 25 and M(0)=0. 047. Under the normal envi-
ronment, the amount of p53 protein in the cell is
kept low and tightly regulated by a genetic net-
work built of Mdm2 and p53 itself. p53 is pro-
duced at an essentially constant rate and promotes
the expression of the Mdm2 gene'®. On the other
hand, the Mdm2 protein binds to p53 and pro-

motes its degradation™”

, decreasing its concentra-
tion. When DNA molecule is damaged, a cascade
of events causes phosphorylation of several serines
in the p53 protein, which modifies its binding
properties to Mdm2™!. As a consequence, the cell
experiences a sudden increase in the concentration
of p53, which activates a group of genes responsi-
ble for cell growth arrest and apoptosis. The in-
crease in p53 protein levels and the transcription
activity of p53 lead, in turn, to increase the pro-
duction of Mdm2. Mdm2 protein again promotes
the rapid degradation of the p53 protein, so as the
sustained oscillations occur. Note that, as dis-
played in Fig. 1, the characteristic feature is that
the minima of p53 level roughly coincide with the
maxima of Mdm2 level and vice versatl. When the
signal is completely resolved, the p53-Mdm2 loop
returns to the normal case and the levels of p53

and Mdm2 to their basal values.
3.2 The case at the population of cells

When we turn to the case at population of
cells, the p53-activating signal might be average o-
ver the different strength of damage stress in indi-
vidual cells due to the stochastic mechanism in the

[12—14]

gene expression as mentioned in Sec. 1. The

resulting S(¢) is assumed as S(¢) =S(0)exp(—1¢/

7,). It can be easily proven that the parameter z, is
the average of 7, over the Poisson ensemble of indi-
vidual cells when 7, is supposed to be a constant
since we ignored the difference of various types of
damage and the p53-dependent DNA repair proces-
ses. Generally speaking, r, is much larger than the
characteristic period of oscillation z,.

From Figs. 2 and 3, it is seen that the scaled
concentrations undergo damped oscillations with
respect to their basal levels. The characteristic
damp scale of oscillation is around 20 hours. The
damage signal is resolved after about 5 days and
the levels will then decrease to a certain value that
represents the stationary levels of p53 and Mdm?2
proteins. In terms of Eqs. (1)—(3), the stationa-

ry values can be estimated with

1\/1(0):1\4(1‘»C>O):SfM . 5

p2avi
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Fig. 2 Concentration of p53 and Mdm?2 relative to their bas-
al levels. A signal stress S(z) =S(0)exp(—¢/z.) is
introduced in initial stage with S(0)=1.0 and z,=
10 000 min. Reference of the coordinates and the pa-

rameter values are the same as in Fig. 1.
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Fig. 3 Concentration of p53 and Mdm?2 relative to their bas-
al levels for large time scale. A signal stress S(z),
reference of the coordinates and the parameter values

are the same as in Fig. 2.
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SP/JM
PO) =P(t—>0) =—rp—""—— | (6)
O(PSM +)UP[1M

With the used parameters, it is easily to obtain
M(t—>o2)=0. 047 and P(t—>o°)==4, 25,

Origin of oscillation and damping Here it is
worthwhile to clarify the origins of oscillation and
damping mechanisms. The oscillatory dynamical
behaviors could be ascribed to the autoregulatory
feedback loop in which p53 positively regulates
Mdm2 expression while Mdm2 negatively regulates
p53 levels and activity. And the time delay in p53-
dependent induction of Mdm2 should also be cruci-
al for the oscillatory behavior. In order to clarify
these points more clearly, let us consider the case
without time delay, i.e. , 7=0, which means that
the production of Mdm2 is regarded as instantane-
ously regulated by p53. As shown in Fig. 4, it is
clearly seen that levels of p53 and Mdm2 proteins
smoothly evolve and tend to the stationary values.
There is no oscillation except the initial stage,
which could be considered as resulting from the
threshold of the parameter K. Effect of time delay
also can be seen from Fig. 5 for various values of 7.
Within this model, the significant oscillation only
can be obtained from appropriate time delay, i.e. ,
220—60 min. Comparing Fig. 2, 3 with Fig. 4,
we might conclude that the negative feedback
mechanism and time delays could be considered as

drive of the oscillations.
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Fig. 4 Concentration of p53 and Mdm2 proteins for z=0.
Reference of the coordinates and remaining parame-

ter values are the same as in Fig. 2.

Let us further suppose that the irradiation
damage of DNA keeps unresolved (this case might
occur in the most severe cases of strong damage) ,
which means that S(z) keeps constant S(0) or the
parameter 7,~°° . In such case, the amplitude of
oscillations is sustained and the levels oscillate sta-
tionarily. When 7, changes from large through
small, as shown in Fig. 6, the damping mechanism
starts to play a role and the damping of the oscilla-
tions might become strong. The meaningful oscil-
lation could be obtained when the signal emanating

from the damage persist long enough afterwards

(say, t,>>>14).
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Fig. 5 Effect of time delay in p53-dependent induction of
Mdm2 on the protein levels. Reference of the coor-

dinates and remaining parameter values are the same

as in Fig. 2.
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Fig. 6 Dependence of the oscillations on the damage repair
rate .. Reference of the coordinates and remaining
parameter values are the same as in Fig. 2.

Effect of irradiation strength The experi-

mental results’" ' have shown that the oscillation
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only occur for a high damage. At weak damage
level, the activation of damage-induced signaling
pathways is likely to be relatively insufficient™ ™.
In order to understand this point more clearly, the
effects of damage strength S(0) on p53 protein
concentration are shown in Fig. 7. For higher val-
ues of signal (S(0)=1.0), the oscillations could
be expected, on the contrary, for lower one (say,
S(0)=0. 8), the concentration of p53 protein in-
creases to higher value with a longer time consu-
ming, and reach a threshold for sparing p53 pro-

tein from destabilizing effects on Mdm2 protein.

10

p53 concentration

0 200 400 600 800 1000
t /min

Fig. 7 Effects of the strength of irradiation signal on p53
levels. Reference of the coordinates and remaining
parameter values are the same as in Fig. 2. The
curve for higher signal (S(0)=1.0 ) is identical to
the p53 curve in Fig. 2.

The above numerical results can be under-
stood from Eq. (1). As is easily verified, the max-
imal value of p53 concentration P™ (¢) at time f .
can be estimated by

Se

Pmax max /)
) = Mo (T — 708 () — o

. (D

For stronger irradiation damage (larger value of
S(0)), a larger values of P™ (t,..) could be ex-
pected, which might be larger than the threshold
parameter K in Eq. (3) and thus to stimulate the
transcription and to increase the level of Mdm2
protein (note that in general, N in Eq. (3) is with
a large value 20). Consequently, the level of p53
protein will be reduced. This negative feedback

mechanism will cause the oscil

lations of concentrations of bothp 53 and Mdm 2 pro-
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teins.

However, for lower level of irradiation dam-
age, S(2) is not strong enough to keep p53 degra-
dation weak, P™ (t,..) will possibly be not larger
enough to surpass the threshold. When P™* (£,,,,)
<K, the Mdm2 will remain transcriptional inac-
tive. The concentration level of p53 protein will
smoothly vary without oscillation and tend to its
stationary value.

With the aid of Fourier analysis, it has been
shown that the power spectrum of the oscillation
part of the p53 concentration as shown in Figs. 2
and 3 could be divided into two parts w=w, + iw;.
the imaginary part of frequency w;.» which repre-
sents the damping of oscillation, coincides with the
time scale of signal resolution ~ 1/z,, in mean-
time, the real one w, corresponds to the time peri-
od of the pulses w, = 2n/z,. This result verifies
our analysis of the origin of the oscillation and the

damping mechanism.

4 Concluding Remarks

We proposed a unified model of p53-Mdm2
negative feedback loop and studied the dynamical
mechanism of the activities of p53 and Mdm2 pro-
teins in the cases of individual and population of
cells.

It has been shown that both the sustained os-
cillatory dynamics in individual cells and the
damped ones in the population of cells could be un-
derstood in a unified way when the dynamics of
damage-derived signal is properly introduced. It
has been clarified that the origin of the oscillation
mechanism could be ascribed to the nonlinear dy-
namics of the autoregulatory negative feedback
loop and the time delay in p53-dependent induction
Mdm2. Meanwhile, the damping on oscillation
might be related to the resolution DNA damage.

This study may provide us with a general un-
derstanding of the oscillatory dynamics found in
various physical, chemical and biological systems.
This study has the significance in gene therapy ap-

plication.
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