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Abstract: The effective-operator form of many-body theory is applied to the calculation of hyper-
fine structure. The zeroth order hyperfine constants are evaluated with Hartree-Fock wavefunc-
tion. The finite basis sets of Schrodinger’s equation are constructed by using B-splines. With the
finite basis sets, we have calculated the core polarization, and the correlation diagrams. The hy-

perfine constants of the 512, pizand py. states of 7Li, ®*Na, ®K, “Ca* as well as the d;,; and

ds/z of * Ca+

are evaluated.
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1 Introduction

Narrow transition in laser-cooled trapped ions
are applied to new optical frequency standards.
Odd isotopes are particularly appealing as frequen-
cy standards because their half-integral nuclear spin
leads to integer values of total angular momentum
F, thereby making possible clock transitions be-
tween states with magnetic quantum number m=
0. The transitions have no first-order Dc Zeeman
shift and greatly suppressed broadening from resid-
ual AC magnetic fields!'). Experimental studies of
the new optical frequency standards make investi-
gation of the hyperfine structure to be significant.

The effective operator form of many-body the-
ory is developed and applied to calculate hyperfine
interaclion by Garpman et all® and Lindgren and
Morrison '™, Lindgren applied the many-body per-
turbation theory in the coupled-cluster formulation
to perform the calculations on the 22S and 2 *p
states of the lithium atom '), An important task of

the perturbative calculation is to carry out summa-
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tions (and/or integration) over all intermediate
states. Lindgren used the single-particle function
and the pair function by solving inhomogeneous
one- and two-particle equation*! instead of the
summations (and/or integrations). However, in
this work, we have explicitly constructed a com-
plete set of virtual states with B-splines, which we

will discuss in following section.

2 Calculation of the Hyperfine Con-
stants
For single-electron systems outside the closed

shells, the generalized hyperfine constants in non-

relativistic case are
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The effective hyperfine operator for the hyper-

fine interaction istl

t =a* 170, —/T0Cs C (), , +
S(r_3>c:] (3)
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where (r7%),, (+7*),,, (+7*), and (r7%), represent
the radial integral of orbital, spin-dipole, contact
and quadrupole terms, respectively. The matrix el-
ements of the effective hyperfine operator can be

evaluated by following expression;
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the radial integal is

(i] fawg | j> = jP,(r)fm)K(?’)P,(r)dr.

2.1 Finite basis set

In order to evaluate second-order perturbation-
al diagrams and third-order perturbational dia-
grams, we need a complete set of single-particle
states. We can construct a complete finite basis set
of Schrédinger’ s equation with B-splines. Spline
algorithms for Hartree-Fock equation is discussed
by Fischer et all®],

The non-relativistic Hamiltonian is
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The action is
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We expand the radial function P, (r) in terms

of B-splines of order % as P, (r) zif\ﬂ,‘ B, , (),
The boundary conditions P,(0)=P,(R)=0 can be
imposed on the solution, we obtain w!=w%=0. In
terms of the variational principle, we can obtain
the equation systems dS/dw, =0. These equations
can be expressed in the form of a (N—2) X (N—2)

symmetric generalized eigenvalue equation

Aw = eBw . (9

2.2  Evaluation of the Polarization Diagrams and
the Lowest-order Correlation
Following Lindgrenl®, the contribution of the

core polarization to hyperfine interaction can be

calculated to all orders:

AR = 2F 3721+ D[(2L + 1) (2L, + 1)]7 .
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Following Lindgren, the diagrams involved at least one double excitation are called the lowest-order

correlation, which are third-order hyperfine diagrams.

expression for one of these diagrams is

There are 65 diagrams of this kind. The algebraic
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where F is a spin-angular factor, 5"

is hyperfine
operator, From this expression, we can see that
the sums run over the all virtual states of r, sand ¢

as well as core states of «. Two 3j symbols
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and
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=/, In above expression, l,=1,=1 are the angular
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momentum for valence state. It is impossible to
take I, I, up to infinite. We can choose a finite
value L., , as maximun and let £, L < lmux- How
can we choose [,,,? First we take a small positive
floating number e¢ps and search a Z,, to make the
absolute value of the difference of the calculated re-
sults of correlation diagram for two neighbor /.,
less than eps. If we find such a l,,, we take this /,,

a5 Liaxe

3 Results and Discussion

We have evaluated the values of the hyperfine
constants for 'Li, *Na, *K, “Ca*.

ed results are listed in Table 1. The second column

Qur calculat-

shows the valence orbitals outside core. The fourth
column tabulates the zeroth-order hyperfine con-
stants obtained by using HF potential. The fifth
column is the contribution from core polarization,
which include all-order contributions. The contri-
bution of the lowest-order correlation, which are
the remaining third-order hyperfine correction are
listed in the sixth and seventh column. The data at
the sixth columnn are calculated with ... =4, the
data at the seventh column are calculated with [u.
—38. In the eighth and ninth column we tabulate
total hyperfine constants for l..=4 and ... =8,
respectively. For the states with the different j and
the same [, the radial hyperfine parameters are the
same.

The tenth column presents the experimental
results. From these tables, we can see that our re-
sults are in good agreement with that for 'Li,
2Na, K, and “Ca* except 2ps, state of 'Li, for
which a special calculation is needed. For « con-
stants of 2p,; and 2p;, states of isotope Li,

Lindgren! obtained an accurate results 46. 20 and
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—3. 32 MHz with coupled-cluster approach, which grams. From equation (10), we can see that for /
solve coupled inhomogeneous one- and two-particle =1, k<< 2. If [,<<2, then [,<C4. For =2, k<{4
equations in an iterative way. Johnsont® also calcu- and [,=.6. But for the correlation diagrams, this is
lated the a constants for "Li by using many-body complex because we must choose /... to make cal-
perturbation with B-splines basis sets, their results culated results to be in given accuracy. In Table 1,

are 45. 9 and — 3. 71 MHz for 2p,,, and 2p,,, we tabulate the results for /,,, =4, 8, respectively.

states, respectively, Comparison of the results for /., =4 and /., =8
Which occuped orbitals and excited angular shows difference between the two results for /,,, =
momentum are included in the perturbative dia- 4, 8 is small.

grams? This is easy to do for the polarization dia-

Table 1  The Hyperfine constants @ and ¥ (MHz) calculated by using the Hartree-Fock potential

isotopes shells terms Hartree-Fock complete polar,  first-order-correla. total expt.
Li Zs alZs1s2) 284.75 95. 40 21.13 21.77 401. 23 401. 87 401.75
2p al(2pis2) 32.29 10. 43 2.06 2.08 44. 77 44.79 46.17(0. 35)
ul 2pasz) 4. 46 —9.37 0.51 0.72 —2.41 —2.20 —3.07(13)
0(2p3s2) —0.22 0.03 —0.02 —0. 016 —0.21 —0.21 —0.18
2 Na 3s a (3s5172) 616. 30 135.82 131.97 136. 05 884.10 888.18 885.82
3p al3p1/2) 62. 94 17.57 17. 00 17. 32 97.51 97.83 94.3(2)
a(3pasz) 12.59 4.65 3.24 3.31 20.48 20.55 18.65(10)
6(3p3s2) 1.53 0.80 0.31 0.32 2.64 2.65 2.723(55)
BK 4s aldsizz) 141. 21 32.24 68.50 70.90 241.95 244. 35 230. 86
4p al4piz) 16.13 4.48 8.23 8.48 28.84 23.09 28.85(30)
al4dpyz) 3.23 1.84 1.54 1.59 6.61 6. 66 6.09(4)
04 p3rz) 1.23 0.81 0.50 6.52 2.55 2.57
$SCat 45 a(4sy/z) —564. 07 —122.86 —163.71 —165.78 —840. 64 —842.71
4p aldpysz) —97.99 —21.98 —31.85 —31.41 —151. 82 —151. 38
aldpasz) —19.60 —6.83 —4.84 —6.55 —31. 27 —32.98 —31.9(0.2)
b4 pas) —3.92 —1.58 —0.94 —0.99 —6.45 —6.50 —6.9(1.7)
3d al3dasz) —33.83 —0.71 —15.56 —16. 00 —50.11 —50. 55 —48.3(1.6)
6(3dssz2) —2.26 0.23 —1.01 —1.05 —3.04 —3.08 —3.7(1.9)
al3dssz2) —14. 50 17. 80 —7.29 —7.72 —3.99 —4.42 —3.8
6(3ds/2) —3.23 0. 34 —1.45 —1.50 —4.33 —4.38 —3.9(6.0)

* The values in the sixth and eighth columns are calculated for /mi =4, the values in seventh and ninth columns are calulated for L, = 8.
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B OE AU RRAREA TR TEAR BN TE. P HF R B HITEEM AR S
BN, GRAABAMETHEBE TRNARER. EAREAREEHETEFER IR
Bt, UK 'Li, ®Na, *K f1%Ca BF 8 5105 proF poy SN B HEEMELFYCa BT

dyeF0 ds/o 25 B9 AL AR 8 0 K
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