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Abstract: Numerous candidates for exotic hadrons have been detected experimentally in the past two decades, pre-
dominantly near the threshold of a pair of hadrons. This study aims to investigate the overall behavior of near-
threshold line shapes in invariant mass distributions. It is noteworthy that the threshold cusp might manifest as a peak
only in channels with attractive interaction. The assertion is made that there should be near-threshold structures for
any heavy-quark and heavy-antiquark hadron pairs exhibiting attractive interaction at the threshold, as observed in
the invariant mass distribution of heavy quarkonium and light hadrons that couple to the open-flavor hadron pair.
Furthermore, we have conducted an analysis of potential hadronic molecules comprising pairs of heavy hadrons, util-
izing the Bethe-Salpeter equation with constant interactions derived from the one-boson-exchange model. Observed

candidates for these hadronic molecules are in good agreement with our predicted spectrum.
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0 Introduction

Over the past two decades, there has been a signific-
ant increase in the discovery of non-conventional hadrons
through high energy experiments worldwide. A majority of
these hadrons have been observed in the invariant mass dis-
tributions of hadrons that possess heavy quarks. The pres-
ence of meson-like structures within the heavy quarkonium
mass region has led to the designation of these states as the
XYZ states, indicating that their internal structure and the
reasons for their appearance in the mass spectrum remain
elusive and not fully understood. In recent years, other
varieties of exotic states have been observed in experi-
ments, including hidden-charm pentaquark states, double-
charm tetraquark states, fully charmed tetraquark states
and so on. These observations pose additional challenges,
but they also create more opportunities for a better und-
erstanding of the hadron spectrum and low-energy
Quantum Chromodynamics. (see Refs. [1—17] for recent re-
views).

One prominent characteristic of the newly discovered
resonant hadron structures is that many of them have
masses near the thresholds of two hadrons. However, it re-
mains unclear when and at which thresholds nontrivial
structures will emerge. In our previous works!18720]
objective was to address this question. We examined the
conditions necessary for a peak to occur at the threshold
and demonstrated that it is reasonable to anticipate the pres-

, our

Received date: 27 Sep. 2023;  Revised date: 01 Mar. 2024

DOI: 10.11804/NuclPhysRev.41.2023CNPC73

ence of structures in the final state of a heavy quarkonium
and light hadrons when they approach the threshold of a
pair of open-heavy-flavor hadrons that exhibit an attractive
interaction. Subsequently, we employed a one-boson-ex-
change model, driven by light vector meson exchange, to
estimate the interaction between a pair of charmed-anti-
charmed hadrons and a pair of charmed-charmed hadrons,
thus facilitating the search for potential molecular states
within these systems.

1 Nonrelativistic effective field theory
and near threshold structures

It is a well-known fact that the unitarity of the S mat-
rix necessitates the two-body threshold to be a square-root
branch point of the scattering amplitude. Consequently, the
square modulus of an S-wave amplitude will possess a cusp
at the threshold, and the invariant mass distribution may ex-
hibit a nontrivial structure. The detailed structure of the
cusp, a peak, a dip, or buried in the background, is determ-
ined by the interactions between the two particles near the
threshold.

To be more precise, let us consider the S-wave scatter-
ing of a two-channel (denoted by channel-1 and channel-2
with the latter having a higher threshold) case, where the
scattering amplitude near the higher threshold can be cast
intol '8!
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. 1 ! In case-1, where the production rate of channel-2 is

-+ 1k| — . . . . .
T(E) = 875, a, . . ap significantly higher than that of channel-1, the event distri-
— - — — J2mE—-ie bution is approximately proportional to |75 (E)*. In this
a2 an scenario, the near-threshold behavior of the lineshape is
gnz, | —+ [=21,E — i€ - c.omp.arable tO. that of the single-channel case. If the interac-
=_—2] an L 4 (1) tion is attractive but not strong enough to form a bound

det L L. . . .
P P ik, state, a maximum of the amplitude square will always ap-
12 11

with

det = (i—ik.)(i + V-2E —ie|- iz ()
a (4553 ai,

a;; the scattering length, u, the reduced mass of channel-
2, %; the threshold of channel-i and E = /s—2, the c.m.
energy relative to the second threshold. Near the second
threshold, the c.m. momentum of channel-2 is given by
ky = \2u,E and the c.m.momentum of channel-1 can be
approximated as a constant at the leading order of E. Note
that we have ignored the term of O(k?), which may lead to
standard Breit-Wigner-like resonance but should be negli-
gible for the lineshape near threshold where E is small.

In the production of two particles in channel-1, with
energies close to the threshold of channel-2, the amplitude
can be described as

P\T\\(E)+ P,T,(E), (3)

where P, and P, account for the renormalized short-dis-
tance production vertex and are constants at leading order.
By analyzing the energy dependence of the modulus
squared of the amplitude in Eq. (3), we can understand the
behavior of the invariant mass distribution of particles in
the lower channel around the higher threshold. Two cases
are discussed in the following, corresponding to the two
subplots in Fig. 1.

1.6 f(a) - 16Hb) -4, =0.5fm
I o —ay=3fm
MR =4 =3 fim
o 12F 512}
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Fig. 1 Illustration of threshold behaviors. Here we use the

masses of the 7=~ and J/y for channel-1 and those of
the D° and D*~ for channel-2, and the values of used
a;j parameters are given in the legend. (a) Line shapes
of |Ty1*, which are normalized at the threshold of
channel-2, i.e., E=0; (b) line shapes of |T1;|*, which
are normalized at E =-0.02. There is a near-threshold
bound or virtual state when ax =-3GeV fm or 3 fm
and the attraction is much weaker when a,, = 0.5 fm.

pear at the threshold. However, if a bound state is formed,
the peak will be located at the pole position below the
threshold, as shown in Fig. 1(a).

In case-2, where the production rate of channel-1 is
much larger than that of channel-2, the energy dependence
of the production amplitude is dominated by that of 7,(E).
In this circumstance, instead of a peak, a dip near the
threshold may emerge, as shown in Fig. 1(b). There is an
essential implication for the production mechanism of a
near-threshold state that stems from channel-2: if it is ob-
served as a peak in the final state of a lower channel, then
the driving production channel should be channel-2.

To illustrate this concept, we consider the f,(980)
near the KK threshold. The f;(980) should be primarily
from the s5 and (uii+dd) sources in the J/y — ¢n'n™
and J/y¥ — wn*n™ processes, respectively, and the corres-
ponding meson channels are KK (channel-2) and nrm
(channel-1). The driving component for the production
should be T,; and T,;, respectively. Consequently, around
the KK threshold, there are a narrow peak in the "7~ dis-
tribution for the J/y — ¢n*n~ (2] and a dip around the
KK threshold for the J/y — wrn 221 1t is similar in the
P. case. The peaks in the J/yp invariant mass distribu-
tion near the X”D™ thresholds indicates that the driving
channels for producing the P, peaks are XD [2324] i
stead of J/yp 2 or A.D® [26],

If the two terms in Eq. (3) have comparable strengths,
the interference between them can produce more complex
line shapes.

Based on the previous discussions, it is expected that
the invariant mass distribution of a lower channel (channel-
1) for a two-body system with attractive interaction should
always have a peak around the threshold, if the production
mainly proceeds through the channel with the relevant
threshold (channel-2) above. It should apply to all hadron
pairs with one containing a heavy quark and the other con-
taining a heavy antiquark. Due to the smaller phase space
of heavy quarkonium plus light hadrons, the production of
a pair of open-heavy-flavor hadrons should be relatively
easy, which aligns with case 1 discussed earlier. Con-
sequently, if the interaction in the open-flavor channel is at-
tractive, it is natural to expect a near-threshold peak. The
peak would be a threshold cusp in the absence of a bound
state and a peak just below threshold if the attraction is
strong enough to produce a below-threshold bound state.

Table 1 lists heavy-antiheavy hadron pairs (using the
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example of charmed hadrons) that are expected to have at-
tractive at threshold via vector meson exchange. This con-
clusion is based on the one-boson exchange model with
Lagrangians constructed by considering the heavy quark
spin symmetry?’ 21 It is anticipated that near-threshold
peaks for these hadron pairs will appear in the final states
of heavy quarkonium plus light hadrons. Also, note that the
Born term contribution from light-boson exchange to the
scattering length scales as the heavy quark mass m, and is
expected to be stronger in the bottom-antibottom sector
than in the charm-anticharm sector.

Table 1
interaction at threshold from vector-meson exchanges

Charm-anticharm hadron pairs that have attractive

(similar in the bottom sector). Isospin is labelled for
each pair in square brackets. Those with T mean that the
contribution from the light-vector exchanges vanishes,
and the attraction is provided by sub-leading ex-

changes of vector charmonial®%].

HA  DODW[o17]; POD® [%"’J; PYB 0]

AT POE,[0]; DA 0]

s PPz %]: Dz [17]; HICEANE
PP %FJ

7 AcAc[0]; A [4]; ZEc[0.1]

) AEE AED [4]; 429 [07];
T 374 EE01.00; 20 (3]
o5 S50 [2+’ 1,0]; SOE® [% t 1 ]; Pale [0+];

ZDEO 11,0 20001 oo (0]

2  Spectrum of Hadronic molecules from
vector meson exchange

2.1 Framework

The interactions at low energy between two hadrons
can be described by effective field theories, with the associ-
ated low energy constants (LECs) therein in principle
should be determined by experimental data. When experi-
mental information is lacking, these LECs can be estimated
through phenomenological approaches. At the leading or-
der, the interaction potential between heavy and anti-heavy
hadrons remains constant. Our study delved into the poten-
tial of heavy-antiheavy systems by exploring the resonance
saturation of the contact interaction through the exchange
of one-boson (specifically light pseudoscalar and vector
mesons), in conjunction with heavy quark spin symmetry,
chiral symmetry, and SU(3) flavor symmetry. The reson-
ance saturation technique is recognized for effectively ap-
proximating the LECs in higher-order Lagrangians of chir-
al perturbation theory[3l_32]. It was observed that the val-

ues of the LECs are predominantly influenced by the ex-
change of vector mesons around the mass of the p-meson
when vector meson exchange is permissible. Owing to the
symmetry of heavy quark flavors, the potentials between
pairs of bottomed hadrons mirror those between charmed
hadrons. Therefore, we opted to illustrate our points using
charmed hadrons as an example.

The constant potentials acquired are subsequently em-
ployed in solving the Bethe-Salpeter equation given by

Vv

= Tove @)

where G denotes the one-loop two-body propagator that un-
dergoes regularization through dimensional regularization.
In a singular channel, in the case where the interaction is
both attractive and sufficiently strong to create a bound
state, a pole will emerge below the threshold on the primary
Riemann sheet (RS). Conversely, if the attraction is inad-
equate, the pole will transition to the second RS as a virtual
state, persisting below the threshold.

2.2 Charmed-anticharmed molecules

Considering constant contact interactions, saturated by
the light vector mesons, and with the coupled-channel ef-
fects neglected, in total we obtain a spectrum of 229 had-
ronic molecules in the charm-anticharm systems. The full
results are presented in Ref. [19] and here we discuss on
some important systems.

1) The pole positions of the isoscalar DD* with posit-
ive and negative C-parity are consistent with the molecular
explanation of X(3872) [33) and X(3872) 341 respectively.
There is a shallow bound state in the isoscalar DD sys-
tem, consistent with many theoretical predictions in e.g.
Refs. [35—41] as well as the recent lattice QCD resultt*?],
Note that the most recent lattice QCD calculations does not
find the y. state corresponding to the DD bound
statel43 441,

2) The spectrum of the Py systems is consistent
with the molecular explanations of the famous P,
states!* 471 the P.(4312) as an isospin-1/2 py mo-
lecule, and P.(4440) and P.(4457) as isospin-1/2 pr3
molecules. In addition, there is an isospin-1/2 Dx* mo-
lecule, consistent with the narrow P.(4380) advocated in
Ref. [24], and three isospin-1/2 pH* z molecules, consist-
ent with the results in the literature.

3) There are two isoscalar p+z, molecules and one
D&, molecule, which may be related to the recently an-
nounced P, (4459)[*®) and P.(4338)[*). In addition,
more negative-parity isoscalar P, type molecules are pre-
dicted: one in D=’ , one in D=:, two in D*E;,and three in
Dz

4) Instead of associating the X(4140) [50-51] with a
D:D' molecule like some other works did, our results
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prefer the DD’ to form a virtual state. The dip in the in-
variant mass distribution of J/y¥¢ measured by LHCb[2]
just at the D*D? threshold may be produced by this state. A
combined fit to the experimental data on the 0" and 2**
charmonium sector leads to a D'D* pole as a virtual
statel*!]. We also predicted many molecular states in the
hidden-charm hidden strangeness systems, most of which
are preferred to be virtual states. The peak and dip struc-
tures in the invariant mass distribution of J/y¢ [52] may
come from these states and a more comprehensive coupled
channel analysis of the data is necessary to pin down the
signals in such data®, as shown in Fig. 2.

800 _ —
DD, DD’ DD, ----LHCb fit
700 DD, ¢ ’ DD, ¢ LHCbdata
> 600 ’ oy D" D', DDy
> L] A o
S >00F /, tm * * DiDSl D*\-ol_)'\l
3 400 F ¢ *’ ww **\D*,«nD*«o
g i, w
S 300f J f% CDAN
e t e AL
g 200f | _ L T
oot | DD ’
¢ DD, L
0 n n n L n
4100 4300 4500 4700
M,,/MeV

Fig. 2 Thresholds of charm-strange meson pairs in the en-
ergy range relevant for the B* — J/y¢K* . Here, D7,
denotes D?((2317), D5 and D), denote Dyi(2536) and
D;1(2460), respectively, and Dy, denotes D»(2573).
The data are taken from Ref. [52].

5) The isoscalar D*®D,,, can form negative-parity
bound states with both positive and negative C parities,
consistent with our previous result®]. The DD, bound
state is the lowest one in this family, and the 17~ one is
consistent with  the  sizeable DD, molecular
component[56_59] in the ¥(4230) [60-61] ' [p addition, we
predicted many nearby state with exotic quantum numbers,
say, J7“=0", 1" and 37*. To check the effects from
channel coupling and higher order interactions, we per-
formed a more comprehensive analysis in Ref. [62] with
D*D'n three-body effects included and it turns out the ex-
istence of a 0~ D*D, molecule is robust.

6) A.A. bound states with J*© =07 and 17~ are pre-
dicted. A fit to the BESIII data on the cross section of
ete — AA, 9] indicates that the vector A.A, bound state
should be responsible to the almost flat line shape in the
near-threshold region.

7) Light vector meson exchanges either vanish due to
the cancellation between p and w or are not allowed in
the isovector D®D"™ systems and D®D® systems.
However, the vector charmonium or correlated nr ex-
changes may play important rolesB% %4 and the

Z.(3900,4020) (057991 and Z..(3985)/Z..(4000) [32: 791 could
well be the D”D* and D,D*—D:D virtual states. From
Fig. 3, we can see that the peak and dip in the J/¢¥K invari-
ant mass distribution from LHCb measurement?®? coin-
cide exactly with the D,D*—D:D and D:D" threshold. A
coupled-channel analysis on such data may shed light on
the nature of the reported Z.,(4000) and Z.,(4220) by LH-
Cbl21,

When including exchange of light vector mesons, our
results are generally consistent with those obtained from
more complete treatments of the one-boson exchange mod-
el by solving the Schrédinger equation.

Examples include the binding energies of isoscalar
DD B3 and DD, 531 bound states from p and w exchanges,
and a similar pattern of molecular states related to the
X(3872) in Ref. [71], where light vector exchange was
found necessary to bind DD together. DX, bound states
corresponding to the P.(4440) and P.(4457) were ob-
tained through one-boson exchange in Ref. [72], and the
degeneracy of the two states with J =1/2 and 3/2 is lifted
by pion exchange and higher order contributions from p
and o exchanges. It is worth noting that some systems may
have contact terms receiving important contributions from
scalar meson exchanges. Among the 229 predicted struc-
tures, only a few have been studied in detail due to energy
limitations in current experiments. To find more states in
the predicted spectrum, we need higher statistics and data
from other experiments, such as prompt production at had-
ron colliders, PANDA, electron-ion collisions, and e*e”
collisions above 5 GeV at super tau-charm facilities.

800
----LHCb fit
700 ¢ LHCb data
> 600 | 4""'&#
Z 500 POl
= 9“# *ﬁ;?: .
2 400 4 o
s \ )
S 008, ‘“t‘«»" k‘*
= P LN
S 2000 M i
1001 DL DDA
a

0 " " " " " " "
3600 3700 3800 3900 4000 4100 4200 4300
M, /MeV

Thresholds of D;D* and D:D* in the energy range
relevant for the B* — J/y¢K* . The data are taken from
Ref. [52].

Fig. 3

2.3 Charmed-charmed molecules

Considering the constant contact interactions satur-
ated by the light vector meson exchange while disregard-
ing the effects of coupled channels, we obtain a spectrum of
124 hadronic molecules in total in the charm-charm sys-
tems. At least the same number of molecules are expected

@ In Refs. [53-54], the peaks and dips are explained as threshold cusps due to the loop diagrams but the coupling between these channels is not con-

sidered.
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to exist for each of the charm-bottom and bottom-bottom
systems, given that forming a bound state is more feasible
with similar attraction strengths due to the heavier reduced
masses; Furthermore, there may be additional molecules
beyond this estimate, especially if the ground state is signi-
ficantly bound, indicating the possible existence of excited
states. The full results are presented in Ref. [19] and here
we discuss on some important systems.

1) The isoscalar D*D™ systems exhibit an attractive
interaction due to light vector meson exchange, leading to a
total potential that places these systems on the verge of
forming near-threshold molecules. By applying a reason-
able cutoff to regularize the loop integral, the binding en-
ergy of the I(J?)=0(1*) DD* system aligns with the ob-
servation of the double charm tetraquark 7). by
LHCb7> 74, This configuration is commonly interpreted
as the I(J?) =0(1*) DD* moleculel”>: 71 and in such case,
more similar states with =0, such as D*D*, D“D,,,
and D;,D,, are predicted to exist.

2) Note that the attraction of the /=1/2 D®X® and
D,,2" systems arising from the exchange of light vector
mesons is more potent for those in double-charm D®X®
and D,,2" systems. It is reasonable to anticipate the pres-
ence of such double-charm hadronic molecular states by
considering the well-known P, states being essentially
hadronic molecules composed of p»x® . A similar argu-
ment can be extended to the channels involving D®E"
and D,,E"”, particularly in light of potential experimental
confirmation of P, states.

3) Within our simple model, we anticipate that only
the isoscalar 2 2® systems in the double-charm di-bary-
on sector could potentially form bound di-baryon states.

3  Summary

By examining the shape of the invariant mass distribu-
tion in a lower channel close to the threshold of a coupled
higher channel, we expect to identify nontrivial structures
in the near-threshold region for all heavy-antiheavy hadron
pairs that exhibit attractive interactions at the threshold.
These structures might appear precisely at the threshold as
threshold cusps if the attraction is not strong enough to cre-
ate a bound state, or they could manifest below the
threshold in the presence of a bound state. It is important to
notice that these structures may not always appear as sharp
peaks but could also be observed as dips in the invariant
mass distributions, depending on how large are the produc-
tion rated of each channel. These characteristics align with
various experimental findings, suggesting the likelihood of
discovering more near-threshold structures in experimental
studies.

To proceed, we systematically calculated the spec-
trum of hadronic molecules comprising a pair of charmed

and anticharmed hadrons as well as a pair of charmed had-
rons. This was accomplished through the utilization of S-
wave constant contact potentials that are saturated by the
exchange of vector mesons. Our study encompasses all S-
wave singly-charmed mesons and baryons, as well as the
s¢ = 3/2 P-wave charmed mesons, by incorporating HQSS,
chiral symmetry, and SU(3) flavor symmetry in establish-
ing the coupling between charmed heavy hadrons and light
vector mesons. It is important to view our predicted spec-
trum as a primary approximation of the heavy-antiheavy
and heavy-heavy molecular spectrum, which outlines gen-
eral patterns of such hadronic molecules. The approxima-
tion we have used may introduce significant quantitative
adjustments in the numerical results. Specifically, the fol-
lowing limitations should be noted:

1) The momentum-dependent terms, encompassing
both spin-dependent and spin-independent contributions,
have not been taken into account.

2) The impact of coupled channels has been over-
looked in this work. In certain scenarios, these effects could
play a crucial role in the development of states close to the
energy threshold.

3) Double-charmed meson-baryon molecules have the
ability to interact with regular double-charm baryons as
well as channels that consist of a double-charm baryon and
a light meson.

4) The interactions discussed here are limited to the
leading order in the 1/N. expansion with N. the number
of colors. Consequently, we have overlooked the Okubo-
Zweig-lizuka suppressed interactions that could potentially
play a role in resolving the degeneracy within the system
characterized by varying total spins. Furthermore, we may
also miss some states that arise from these OZI suppressed
interactions, such as the potential double-charmonium
states discovered in experimentst”’~7?) and the isospin part-
ner of X(3872) predicted recently in Ref. [80].

Hence, while we anticipate that the spectrum outlined
here will illustrate a general pattern of the hadronic mo-
lecules formed of a pair of charmed mesons and/or baryons,
individual systems might deviate quantitatively from the
prediction.

The potentials in the bottom sector are the same as
those in the charm sector, assuming nonrelativistic field
normalization, owing to heavy quark flavor symmetry. It is
anticipated that a similar number of molecular states will be
present in analogous systems. Given the higher reduced
masses of hidden-bottom systems, virtual states in the
charm sector will approach the thresholds or potentially be-
come bound states in the bottom sector, leading to more
profound binding of bound states in the charm sector with-
in the bottom sector.
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