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Abstract: We study the so-called magic mixing angles for doubly heavy baryons. Defining that a magic
mixing angle rotates states with definite 25%'(l,); to make them heavy-quark symmetric states, we de-
rive the magic mixing angle only in the case L, =0 between the heavy quark symmetric states with
quantum numbers (J, j,) and the states with (J, s, + j,) = (J,{*1»/?I»}) for a doubly heavy baryon in the
standard p — A configuration, where j, =1, +s,, 8, = Sq1 + S, and j, =s,+ L,. We point out that
when we calculate decays of doubly heavy baryons, we need to consider decays of magically mixed states,

such as (1S1p)1/2—, (151p)3/2~ and so on.
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1 Imntroduction

Recent experiments by the LHCb collaboration!!)
inspired many theorists to explain properties of
doubly heavy baryons given by either ccq or bbg
states with a light quark q, and to determine their
mass spectrum and spin-parity. Please refer to pion-
eering and latest theoretical works on doubly heavy
baryons in Refs. [2—8]. Among many novel features of
a heavy-light system, a “magic” mixing angle of heavy-
licht mesons between 3P, and 'P, statesis very re-
markable because it is uniquely determined in the
heavy quark limit and is used to obtain physical
states from nonrelativistic states.

Mixing can in principle occur when two states
have the same total angular momentum and parity
J¥. Phenomenological mixing between two states is
normally considered when two masses are close to
each other and of course with the same J¥. For in-
stance, S-D mixing can be considered between nS
and (n—1)D states with principal quantum numbers
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n and n — 1 because their masses are ordinarily close
to each other. If we assume that states consist of
quarks, there is a physical meaning for the mixing
angle even if it describes internal structure of a had-
ron, and it can be experimentally measured or determ-
ined because strong decays of mixed states heavily de-
pend on the mixing angle. We may easily find the
states that match these conditions in heavy-light sys-
tems because there are degenerate states in the heavy
quark limit and there are two states with the same
JP, for instance, ®P, and 'P, states with J¥ =17%.
This mixing angle is called a “magic mixing angle” .
As for strong decays of doubly heavy baryons, there is
some confusion how to identify heavy quark symmet-
ric states, which will be discussed in the final section,
Sec. 3.

The term “magic mixing angle” probably first ap-
peared in Ref. [9], in which details of mixing angle de-
pendence of strong decays of the kaons have been
throughly studied and K;(1273) and K,(1403) are as-
sumed to be mixed with the magic mixing angle
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tanf = 1/\/§ with s quark mass m; — oo limit. An-
other thing we have to keep in mind is that although
states can be expressed in several independent ortho-
gonal bases, it is important to express states in terms
of those with definite 2°t'L; because with these
quantum numbers one easily performs convolution in-
tegrals of initial and final states. Now, we address
here the problem whether there may occur a “magic”
mixing angle for a doubly heavy baryon similar to a
heavy-light meson in the sense that a magic mixing
angle for a doubly heavy baryon again rotates the non-
relativistic states with definite ?°*'L; to make them
the heavy-quark symmetric (physical) states. This
problem is worthwhile addressing because no paper
seems to discuss strong decays using a magic mixing
angle for doubly heavy baryons. Before studying a ba-
ryon in detail, let us recall how a magic mixing angle
occurs and/or is determined for a heavy-light meson.
Having a deep insight into a structure of heavy-
light mesons, Rosner expressed these mesons with
L =1 as admixtures of 3P, and 'P; states by consid-
ering spin-orbit and tensor forces which may resolve
degeneracy of these mesons'?) and obtained a “magic’
mixing angle as arctan (1 / \/ﬁ) = 35.3°. In the present

)

language, neglecting a tensor force or regarding it as a
constant in the heavy quark limit, his consideration
gives two equations, one for an eigenvalue equation of
mass in Eq. (1), and another for the relation between
heavy-quark symmetric states (lhs) and states with
definite 2°+'L; (rhs) in Eq. (2):

(1)) = (e <> 0) (1)),

o _( 1 V2 )

“\v2 0 )’ (1)
where O is a matrix form of expectation values of an
operator —2L - s,. Eq. (1) is diagonalized by an or-
thogonal matrix with a mixing angle 6 = 35.3°, which
describes heavy-quark symmetric states as

1
JP — 1+ 4, — =
e 2> [ cosf sinf [*P)
‘JPZN,je 3> —sinf cosf 2P )’

2

(2)

where kets on lhs are heavy-quark symmetric states
with J” and light quark degrees of freedom j,. Fol-
lowing Rosner's paper, there appeared a couple of pa-
pers[n_lm with more explicit spin-orbit and tensor in-
teractions, which, of course, lead to the same conclu-
sion as Rosner for [, =1 and can extend it to any lar-
ger [, state. The reason why we need to rotate some

states with definite *T'L; wusing Eq. (2) is because
Nature is approzimately heavy quark symmetric and
hence heavy quark symmetric states are closer to phys-
ical states rather than nonrelativistic eigenstates with
definite 21 L;. On the other hand, we normally and
dynamically
mesons by using the potential model that respects the
ordinary 2°*'L; quantum number.

solve mass spectrum of heavy-light

This conclusion of Eq. (2) should have been ob-
tained if we could start from a heavy quark symmet-
ric theory from the outset and obtain heavy quark
symmetric Actually, this has
achieved in Ref. [15], in which a heavy-quark symmet-
ric Hamiltonian is obtained and is solved to get mass
spectrum of heavy-light mesons. The heavy-quark
symmetric Hamiltonian derived in Ref. [15] is given by

Hg, =p-oy+ pm+ S(r)+V(r), (3)

eigenstates. been

where oy and (3, are Dirac matrices for a light quark,
a confining potential S(r) =r/a®> + b, and a one-gluon
exchange potential V(r) = —4a,/(3r). This can be
also obtained by using the Nambu-Bethe-Slalpeter

17 This simple equation is very persuasive

equation[
because this expresses dynamics of one light quark
having an interaction with static color source due to a
heavy quark expressed by V(r) together with confin-
ing potential S(r) between them. In Ref. [15], the
heavy quark symmetric wave function is expressed in
terms of those with definite %L, which is nothing
but Eq. (2) with a magic mixing angle 6 = 35.3° for
L = 1. This Hamiltonian has a special good quantum

number expressed asl15:17-19]
K=—6(%-L+1), [Hg K]=0, (4)
whose nonrelativistic expression is given by

K=-L-o,—1.Since O=—(L-o,) in Eq. (1), we

obtain its expectation value as <K> =0 —-1. Be-

cause eigenvalues of O are 2 and -1, those of <I~( > are
k=1 and -2 corresponding to j, =1/2 and 3/2, re-
spectively (see Table XI in Ref. [15]), which form mix-
ing states with 2P, and 'P,. Physical meaning of the
operator K in Eq. (4) has been not known well for a
long time, but it becomes clear now. Its expectation
value appears in Eq. (1) as eigenvalues and is used to
classify heavy-light mesons, which naturally leads to
Eq. (2).

The free kinetic terms shown in Eq. (3) impli-
citly involve this relation, which means they do not
need the interaction that Rosner introduced, and the
relation appears only between angular and spin de-
pendent wave functions. Refs. [11-14] have included
the interactions similar to Eq. (1) so that they have
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seen occurrence of magic mixing and hence they could
reproduce Eq. (2). Some of them also found this rela-
tion kinematically using 6.J symbols, but they did not
“derive” it from their Hamiltonian as a relation like in
Refs. [15—16].

Let us consider the case for any .. In this case,
mixing states are given by those with k=L and
k=—-L—1 -corresponding to j,=L—1/2 and
L+1/2. Using the 6J symbol, extension of Eq. (2)

to any [, is given by[12’15_16]

|J=L,je=L+1/2)
|J=L,je=1L~-1/2)
V2L 11

1 VI+1 VL I"Ly)
V2L +1 —VL VL+1 ( L) ) ’ (5)

o VL+1 VL J=1L,S=0)
B VL VL+1 <|JL,S1>>

where a magic mixing angle is given by

[ L
tan9L= m,

which, of course, gives 6, = arctan(1/v/2) = 35.3° in
the case of I, = 1. For readers' reference, we list the
values of each quantum number in Table 1. What we
would like to do in this paper is to study a possibility
whether the relation corresponding to Eq. (2) or
Eq. (5) exists in doubly heavy baryons, and to find
out how it affects model building as in Refs. [11-14],
in which the authors included spin-orbit and tensor
forces to obtain a relation like in Eq. (2). Looking at
Table 1, one notices that there is one-to-two corres-
pondence between quantum numbers j, and k.

Table 1 Correspondence of quantum numbers,
25+1r ;. JP, j,, and k, in the case of heavy-light
mesons. Here L > 1.

25417, JP je=L®sg k
18, 0~ 1/2 -1
35, 1~ 1/2 1
3Py ot 1/2 1

3P /Py 1t 1/2 1

Lp /3P 1t 3/2 -2
3P, o+ 3/2 2

3L/ Ly L L—1/2 L

Lp/3Lg (—)ETt L+1/2 —L—1

2 Doubly Heavy Baryon

We consider the following situation drawn in Fig. 1,
where light degrees of freedom can be described by
the angular momentum j, =1, + s,. The standard p-
A configurations is used for a doubly heavy baryon, in
which p expresses a length between two heavy quarks
in a heavy diquark and A connects a heavy diquark
and a light quark. A light quark is attached to one
end while an anti-heavy quark Q or a heavy diquark
QQ to the other end. The former corresponds to a
heavy-light meson and the latter to a doubly-heavy
baryon. Irrespective of a heavy object, Q or QQ, at
one end, light degrees of freedom, that is j,, can clas-
sify heavy-light systems because it is conserved in the
heavy quark limit, [HQq /QQq> jg] =0.

Je=L+s, Je=1ts,
Sq “l Sq q
7 4
- -

Fig. 1  (color online)Light degrees of freedom.

Let us find the heavy-quark symmetric Hamilto-
nian for a doubly heavy baryon, which can be derived
using the same method used in Ref. [15], and is given
by[Q()],

Hogq = P - g + Bgmg +28(ra) + V(ra), (6)

where S(r) and V(r) are the same as in Eq. (3), and
ry is v/6/2 times the relative distance (\) between a
light quark and a center of a heavy diquark. This equa-
tion can be physically and intuitively understandable,
which expresses an interaction between one light quark
and two heavy quarks represented by a heavy diquark
because there are two color static sources, and a heavy
diquark behaves as 3 under color SU(3). Since Eq. (6)
has the same form as Eq. (3) except for interaction
terms, we have the same conserved quantum operator
as Eq. (4), that is, [Hqgq, K] = 0, where replacement of
L with [, is tacitly understood. Another important
point that one should keep in mind is that because the
same expression for the Hamiltonian [except for 25(r)]
is used, we expect that only the same nonrelativistic
interaction term, that is I, -o,, keeps the system
heavy quark symmetric. This is supported by looking
at eigenvalues of K that have the same expression
both for heavy-light mesons and doubly heavy baryons
with &k = +(j, + 1/2) 1.
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Now, we have to find a nonrelativistic quantum
number instead of 2T'L; to express heavy quark
symmetric states for doubly heavy baryons. Simple
extension of 2t ; to doubly heavy baryons is given
by 25+1[,, where the following replacement is under-
stood,

S = S=j,+8=5,+L,+5,=50+5u+L, + 8¢ (7)
L — 1y,

because S = sg + s, for a heavy-light meson corres-
ponds to S =j,+s, for a doubly heavy baryon.
That is, we adopt 25t1l, to classify nonrelativistic
doubly heavy baryons, where we omit total angular
momentum J for simplicity. Here, we consider only
the case that two heavy quarks have the same flavor.
In the case that one heavy quark is ¢ and another is
b, the following discussion cannot be applied. A wave
function of a heavy diquark should be totally antisym-
metric or odd in angular momentum, spin, flavor, and
color. Hence, angular momentum and spin must be
symmetric in exchange of two heavy quarks because
two heavy quarks are even in flavor and odd in color.
Namely, when L, is even, s, = Sq + S =1, and
when L, is odd, s, = 0. For instance, the total spin is
given by S=1®1/2=1/2®3/2 where L, =0 and
s, =1 for a state with (N,L,n,l\) = (151p). Here we
have used a notation of Ref. [3]. Hence 25+ 1 =2 or
4. There are only five states (spin:1/2,3/2,1/2,3/2,5/2)
in the (1S51p) multiplet. However, when j, > 3/2 with
L, =0, there are six states in a spin multiplet as seen
in Table 2.

Let wus find possible mixing states for
N,=n,=1, L,=0, s, =1, and [, =1, that is, the
lowest excited (N,L,nyly) = (1S1p) states. In this
case, there are two possible total angular mommenta
J=1/2 and 3/2, where both of parities are
“(=)Letx = —7. As you can see from Table 2 and us-
ing the notation (N,L,ny)J" for a state, the
(1S1p)1/2= and (1S1p)3/2~ with j, =1/2 or k=1
(1S1p)1/2= and (1S1p)3/2~ with
je=3/2 or k= -2, respectively. There is one more
state with spin 1/2~ coming from (1P1s), which,
however, cannot mix with (151p) states because mat-
rix elements of physical quantities between
(1S1p)1/2= and (1P1s)1/2~ wvanish, which can be
shown using 6J symbols. For [, =2 states, the
(151d)3/2% and (151d)5/2% with j, =3/2 or k=2
(151d)3/2% and (1S1d)5/2" with
Jje=5/2 or k= —3, respectively. That is, there oc-

mix with the

mix with the

curs mixing between 2[, and ?l,. In general, for any
Iy, the (1S11,)(Ix—1/2)D"™ and (1511,)(I5+1/2)-1D"™
with j, =1, —1/2 or k=1, mix with the (151l,)x

Table 2
together with those for any I, with L, =0 and

The quantum number of the first few states

Ix > 2 In this case that we consider, all the states
L,=0, and
Jo =L, ®s, =1. Here, sq is a light quark spin.

have s, =1  and hence

(NpLpnxly) JF Je =1\ ® sq k
(1S1s) 1/2+ 1/2 -1
(151s) 3/2+ 1/2 -1
(1S1p) 1/2- 1/2 1
(1S81p) 3/2~ 1/2 1
(1S1p) 1/2'~ 3/2 -2
(1S81p) 3/2/~ 3/2 -2
(1S1p) 5/2~ 3/2 -2
(181d) 1/2+ 3/2 2
(151d) 3/2+ 3/2 2
(151d) 5/2F 3/2 2
(1514) 3/2'% 5/2 -3
(151d) 5/2/F 5/2 -3
(151d) 7/2% 5/2 -3
(1511y) (Ix — 3/2)("™ Iy —1/2 I
(1S11y) (Ix — 1/2)("™ Iy —1/2 Iy
(1511y) (Ix + 1/2)()' I —1/2 N
(1511y) Iy — 1/2) I +1/2 —Iy—1
(1511y) Iy +1/2) In+1/2 —Iy—1
(1S11y) (Ix + 3/2)(D)"™ I +1/2 —lx—1

(I — 1/2)D% and (1510, ) (I + 1/2) D with j, = [+
1/2 or k= —I\ — 1, respectively, as seen in Table 2.
Looking at Table 2, one notices that there is one-
to-two correspondence again between j, and k as in
the case of heavy-light mesons in Table 1. One also
notices parity for a doubly heavy barons can be given
in the following equation: P = £ (—)*. which can be

[kl
(21]

compared with that for heavy-light mesons!“",

P= ()

Using the 6J symbol, we can calculate extension
of Eq. (5) to any [, which can be given by

|J =1\ —1/2,j\ =1\ +1/2)
|J =1\ —1/2,jx =15 —1/2)

1 oL T L =1
L3\ —vah =1 2vhF1 )
T =1, —1/2,5 = 1/2)
J=1,—1/2,5=3/2) )
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|J =1 +1/2,j5 =1 —1/2)

1 V2 +3 21, y
V6l +3 -2, V20, +3

|J=1\+1/2,8 =1/2)
J=1,+1/2,8=3/2) |’

where magic mixing angles 6,, are given by

20, —1

tanf, = Vo2 T (for J =1, —1/2), 10
an NS (for x—1/2) (10)
tand,, = 2Vl (for J =15+1/2), (11)

20, +3

and parities are given by (=)t = (—). For in-
stance, for [, =1, tanf, =1/(2v2) for J" =1/2-
and 2/\/5 for J¥ = 3/2~ corresponding to 6, = 15.9°
and 41.8°, respectively.

Let us consider how this relation affects the res-
ults obtained so far in other papers. For instance, let
us consider the results obtained in Ref. [5], in which
quantum numbers are carefully taken care of so that
our S for a doubly heavy baryon is denoted as Sy . In
order to obtain heavy quark symmetric states for
doubly heavy baryons, which are considered to be
closer to physical states, the authors seemed to neg-
lect some interaction terms to keep heavy quark sym-
metry intact and to succeed in classifying the states in
terms of j,. The authors may need to further investig-
ate the mixing mechanism by including some appro-
priate interactions. Another paper Ref. [3] starts from
heavy quark symmetric interactions so that they could
classify the states in terms of j, =1, + s, but did not
obtain the relations like in Egs. (8~9) derived in this
paper.

We should mention the case where L, # 0. Since
tthe case L, =1 is very interesting, we describe it
more details here. Since s, =0 in this case, we ob-
tain j, =5, ® L, =1 and we obtain the same table as
Table 2 with the opposite parity for each baryon. Ma-
gic mixing angles are also given by the same equa-
tions Eqgs. (8~11) between appropriate states. Be-
cause other cases where L, > 2 become complicated,
we give it to a future work.

3 Summary and discussions

Defining such a magic mixing angle that one can
obtain heavy-quark symmetric states by rotating non-
relativistic states with definite 2°*'[,, we derive mix-
ing matrices in Eqgs. (9~10) using the 6J symbol.

Since the nature prefers the heavy quark symmetry,
the heavy-quark symmetric states are considered to be
physical ones. Although we have succeeded in obtain-
ing magic mixing angles in the case of heavy-light
mesons in Ref. [15] from the heavy quark symmetric
Hamiltonian, we could not derive such a Hamiltonian
for doubly heavy baryons in this paper. See one trial
in Ref. [20]. However, following the derivation in the
case of heavy-light mesons and using the 6J symbol,
we have succeeded in obtaining magic mixing angles
for any [, in Egs. (10~11) for J =1, £1/2 after de-
riving the relations between two states with the same
quantum number (N,L,nyly)J" but with the differ-
ent j, or k quantum number. A recent paper written
by one of the authorsl®! studied strong decays of
doubly bottom baryons. They related the J — J coup-
ling to the L —S coupling and hence they tacitly
used the magic mixing angles between the states with
the same J¥, whose results, of course, depend on the
magic mixing angles we have studied in this paper. In
a paperm, they studied strong decays of low-lying
doubly charmed baryons. They noticed that the A
mode excited states should be classified in Zp/*p
quantum numbers for (1S1p)1/2~, (1S1p)3/2~, etc.
with j, =1/2, 3/2 corresponding to k=1, =2, re-
spectively. However, they did not treat them as mixed
states studied in this paper. So there is some confu-
sion how to calculate strong decays (for example, one
chiral particle decays) of A mode excited states Zem
and 2 pp -

A standard way to calculate a spectrum of doubly
heavy baryons is i) to first calculate heavy diquark
mass, and then, ii) regarding the whole system as a
heavy-light system, to apply the potential model like
a heavy-light meson. In this situation, especially in
the second step, people normally obtain the eigen-
states with definite quantum number 25%![, since the
interactions for a heavy-light system include the spin-
orbit or spin-spin interaction like I,-S or s,-s,,
which breaks the heavy quark symmetry (HQS) as
shown in Ref. [16]. Another standard way might be
solving the three body system in the quark model like
Ref. [2]. To obtain the heavy quark symmetric spec-
trum for doubly heavy baryons, one needs to expli-
citly exclude such terms that break the HQS or in-
clude only the term, o -1, that keeps the HQS. The
best way is to first obtain the spectrum of doubly
heavy baryons using the standard way with the poten-
tial model, and rotate the obtained wave functions as
well as masses with mixing matrices Egs. (8~9) al-
though there appear off-diagonal elements in the mass
matrix that should be neglected as an approximation.



- 378 . R 7 &Y H T’

38 %

Ref. [3] treated doubly heavy baryons very care-
fully. They start from the heavy quark symmetric
Hamiltonian in the limit of My — oo with M,y heavy
diquark mass, and then, include 1/Mj corrections to
improve the results. This operation causes mixing
between heavy quark symmetric states. For instance,
they explicitly showed mixing between (152p)1/2~
with j,=1/2 or k=1 mix with the (152p)1/2~
with j, = 3/2 or k= —2, which is nothing but break-
ing of the HQS. This is a different problem we have
considered in this article. They did not consider the
case that the heavy quark symmetric states consist of
nonrelativistic states with definite “p and/or 2p
quantum numbers, and hence did not derive the rela-
tions we obtained in Egs. (8~9).

One of the other novel things to be mentioned is
that there are other possible admixtures other than
those shown in Table 2 that respect to the HQS. For
instance, one can imagine states with higher L, > 2,
such as (L, =3,5,---,s5,=0) and (L, =2,4,6, -,
s, =1). At present, to derive equations correspond-
ing to Eqgs. (8~11), we need to study case by case and
leave this as a future work, which is not a difficult
task if we appropriately use the 6J symbol. Another
thing to be mentioned is that to classify a doubly
heavy baryon spectrum, the quantum number K is
preferable compared with j, because as seen in Table 2,
even the states with the same j, have different k val-
ues. The eigenvalue k gives the same expression for a
relation with j,, i.e, k= =%(j, +1/2), but gives dif-
= %(—)’“+1 and

(—)* for heavy-light mesons and doubly heavy ba-

ferent expression for

K
K|

ryons, respectively.
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WEREFRIEERES

MmAZELD KB E2 3 A3, B 6T

(1. R FBORY:, HR#BEXmE 1-18-1, HAE 173-8602;
2. R KRBT, B 2100945
3. ZMREFEMER S E AN, 22 7300005
4. ZHKRE & FEBEFGERYEH AL, BF5 CSR WEBFH G, M 7300005
5. WIEIHIG R &, Kb 410081;
6. WIFE A BN R A E G G, KPP 410081;
7. BEFRGE R PR SIS E A=, K 410081)

WE: ATHEFATREAETHEREAA. BARLARE ST, SARENAEARES LA HE N LN
BB A, EAREM ) ANERT, KRBT L =0RMEES LB A () (J,s+4,)
{02 AZ FMERRAH, EFj—ly+ 80, 8, = 51 + 508, =5, + L, ALFHELARNERE
FHE AR, FERF (151p)1/2- F (151p)3/2- B AR AL,

R RAM: NERET, BEAAKME

i BEA: 2021-10-10; &2 HER: 2021-11-20

EETE: MR ERBEEESEIIIHE (11775050, 11675228, 11705056, U1832173); MF A HER LI LT H (11825503); [HR B2
& ViR % W H (202006725011)
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