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Abstract：The Compton profiles of the electron in the ground and excited states of H-like ions have

been calculated systematically with one-electron Dirac radial orbitals by using the proper Fourier trans-

formation. Taking the H atom and Xe53+ ion as examples, the effects of relativity and finite nuclear size

on Compton profile have been discussed. Furthermore, the dependence of one-electron Compton profile

on the principle quantum number n, orbital quantum number l, angular quantum number j and nuclear

charge Z has also been discussed. It is found that the relativistic effect can expand the distribution of

the Compton profile and split the orbital more and more obviously for given nl(l ̸= 0) as increasing Z.

However, the relativistic effect can gradually weaken with the increase of the principal quantum number

n and orbital quantum number l. Furthermore, the Compton profile of the orbital with quantum number

nlj has certain number of platforms that is n− l. In addition, the nuclear finite size hardly affects the

Compton profile for H atom and Xe53+ ion.
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1 Introduction

Compton scattering is an effective and special

way to obtain the information on the electron momen-

tum distribution (EMD) in atoms/ions, molecules and

surface
[1–5]

. From the theoretical point of view, the dif-

ferential cross section is proportional to the Compton

profile in the so-called impulse approximation

J(pz)=

∫∫
ρ(px,py,pz)dpxdpy , (1)

where ρ(px,py,pz) is the electron probability density

in momentum space in target before scattering, pz is

the component of the electron momentum along the

scattering vector. It is stated that the distribution of

electron momentum can be used to reveal many inter-

esting features which are not obviously shown in spa-

tial distribution of electron even though they are in

accordance with each other in many literatures. The

Compton profile J(pz) is directly related to the mo-

mentum density ρ(px,py,pz), on the other hand, so

the Compton profile can supply a way to check the

accuracy of wavefuntion. Furthermore, J(pz) can be

measured in experiment and the Compton profile of

atom or molecule determines the envelope of the differ-

ential cross sections, for example, in radiative electron

capture (REC) and resonant transfer and excitation

(RTE) processes in ion-atom/molecule collision besides

the Compton scattering. In REC and RTE, the pro-

jectile ions can capture the electron in the bound state

of target atoms/molecules, and then the combined sys-

tem radiates a photon or photons. Therefore, the in-

formation of electron energy and momentum in target

atoms/molecules can be revealed through the envelope

of the radiative spectra.

In the last decades, there are much typical theoret-

ical work. Currat et al.
[6]

carried out the calculations

of the core contributions to the Compton profiles for

Li, C and Al by using excited-state one-electron con-

tinuum wavefunctions evaluated in the ground-state

Hartree-Fock-Slater potential of the nucleus and re-

maining electrons. Their results were in good agree-

ment with the impulse approximation. Pant et al.
[7]

calculated the Compton profiles for atomic Ne, Ar,

and Kr by using a variationally optimized effective-

potential model. The Compton profiles of Ne, Ar,

and Kr were also calculated from ground-state energies

and wavefunction using the Kohn-Sham self-consistent

scheme in the local-density approximation (LDA) by

Tong et al.
[8]
. They found their results are closer to

the experimental values from Hartree-Fock results and
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there are some numerical problems in the calculation

for large atoms. Mukhopadhyaya et al.
[9]

obtained the

atomic Compton profiles of Ne, Na, Mg, Al, Si and Ar

in the form factor or exact hydrogenic approximation

with nonrelativistic Coulomb functions in the spheri-

cal polar coordinates. In the work by Parr et al.
[10]

,

the phase-space distribution function corresponding to

a gound-state density of a many-electron system is ex-

plored as a means for generation of momentum-space

properties through density-functional theory. Holm
[11]

discussed a rigorous relativistic treatment of the dif-

ferential cross section for Compton scattering from

bound electron states and found a simple expression

with the help of relativistic central-field Hartree-Fock

wavefunctions. Karim
[12, 13]

calculated the orbtial and

total Compton profile of the ground states of O and

Ne and their ions in different stages with Hartree-

Fock (HF) wavefunctions. Li et al.
[14]

used discrete

variation method to study the momentum profiles of

atomic He, Ar, Na and K based on density functional

theory (DFT). Harbola et al.
[15]

studied the Comp-

ton profiles of closed-shell atomic He, Be and Ne in

their ground state and the singlet excited state for

He, with employing DFT. Jaiswal and Shukla
[16]

com-

puted the total Compton profiles of He, Ne, Ar, Kr,

Xe and Rn in ground states, using the Dirac-Hartree-

Fock formalism with kinetically balanced Gaussian ba-

sis functions. Mou et al.
[17]

calculated the single-

electron momentum density distribution and the to-

tal Compton profiles for He (1s2), Ne (1s22s22p6), Ar

(1s22s22p63s23p6), Kr (1s22s22p63s23p63d104s24p6)

and Xe (1s22s22p63s23p63d104s24p64d105s25p6). In

their work, the single-electron radial wavefunctions in

coordinate space are obtained from Hartree-Fock with

relativistic corrections (HFR) method.

Besides, there have also been some systemati-

cal good calculations. For example, Biggs et al.
[18]

used the HF and relativistic Dirac-Hartree-Fock (DHF)

wavefunctions to calculate the orbital and total Comp-

ton profile in the ground states of atoms with Z =

1 ∼ 36 and Z = 36 ∼ 102, respectively. Thakkar et

al.
[19]

calculated the first three coefficients in each of

the small p Maclaurin and large p asymptotic expan-

sions of the spherically averaged electron momentum

densities of the ground states of the 103 neutral atoms

from H through Lr, 73 cations from Li+ to Ra+ and

41 anions from Li− to I−, with employing the nonrela-

tivistic self-consistent-field (SCF) wavefunctions. The

coefficients can be used to analyze the experimental

Compton profiles. Koga et al.
[20, 21]

calculated the

Compton profile of He and constructed the numeri-

cal Hartree-Fock momentum densities for the neutral

atoms from H to Lr (Z =1∼ 103).

As is known, the available Compton profiles were

almost calculated from the electron radial orbital gen-

erated in central field approximation and were aimed

at near-neutral ions and atoms. In fact, one-electron

radial orbitals can also consider the electron corre-

lation through multiconfiguration self-consistent-field

methods indeed. However, only the single-electron

properties have been focused on in the present calcu-

lation because of the lack of a systematic analysis on

one-electron Compton profile in past years. As such,

the one-electron Compton profiles in the ground and

excited states have been calculated systematically for

H-like ions, taking examples of H atom and Xe53+ ion

because of their frequent use in experiments, and the

relativistic effects, as well as the nucleus volume ef-

fects, on them have also been discussed, where the nu-

cleus volume effects can be extracted by comparing the

present results with the analytic relativistic Compton

profile. In Sec. 2, we provide a detailed description of

the theoretical method and computational procedure.

In Sec. 3, firstly, the Compton profiles are shown for H

atom and Xe53+ ion. Then, extensive comparison with

other theoretical results were given in detail, while the

dependence on the principle quantum number n and

relativistic orbital quantum number κ or lj and those

effects from relativity and the nucleus volume men-

tioned above have also been found and analyzed in

detail. Finally, some concluding remarks and outlook

are summarized in Sec. 4.

2 Theoretical method

In the relativistic central field, a particular nl or-

bital breaks up into two orbitals, one with j = l− 1
2

and the other one with j = l+ 1
2 except for s orbital,

to which only the latter can exist. Therefore, a sub-

script j or κ is usually added in order to specify the

orbital completely. The relativistic one-electron wave-

functions are usually written as in the form
[22–24]

ψnκm(r,θ,ϕ)=
1

r

(
Pnκ(r)χκm(θ,ϕ)

iQnκ(r)χ−κm(θ,ϕ)

)
. (2)

For either of the nκ orbitals, the radial wavefunc-

tion is described by two components: Pnκ(r), a large

component that looks very much like the nonrelativis-

tic wavefunction for the atoms and ions with low Z,

and Qnκ(r), the small component. Both of them can

be obtained by solving Dirac equations with Fermi

two-parameter model describing the distribution of

nuclear charge
[22, 23]

. κ is the (relativistic) angular

momentum quantum number, i.e. κ = ±(j + 1
2 ) for

j= l∓ 1
2 and the functions χκm(θ,ϕ) are spinor spher-

ical harmonics
[22]

. For this form, the normalization
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condition is∫∞

0

[(Pnκ(r))
2+(Qnκ(r))

2]dr=1 . (3)

In the impulse approximation
[1, 3, 9, 16]

, the calcu-

lation of Compton profiles can be carried out by using

the following expression in atomic units, i.e.

Jnκ(q)=
1

2

∫∞

q

Inκ(p)

p
dp . (4)

where q is a certain value with expressed in atomic

units of me2

~ , and the single-electron Compton profile

must satisfy the condition

2

∫∞

0

Jnκ(q)dq=1 . (5)

In the present calculation, the maximum momentum

of 200 a.u. was chosen as the upper limit for numerical

integration; the larger it was, the more accurate Comp-

ton profile we obtained. From the physical picture, the

most general form for q is given as the projection of

the initial electron momentum p on the momentum

transfer k. That is

q=−k ·p
k
. (6)

Inκ(p) is the electron momentum density for electrons

of momentum p, which is given as

Inκ(p)= [(γPnκ(p))
2+(γQnκ(p))

2]p2 , (7)

where γPnκ(p) and γQnκ(p) are defined as the Fourier

transform of the spatial wavefunction Pnκ(r) and

Qnκ(r), and then are given by respectively[11, 18]

γPnκ(p)=

√
2

π

∫∞

0

Pnκ(r)jl(pr)rdr , (8)

and

γQnκ(p)=


√

2
π

∫∞

0

Qnκ(r)jl+1(pr)rdr, j= l+ 1
2√

2
π

∫∞

0

Qnκ(r)jl−1(pr)rdr, j= l− 1
2

(9)

where jl(pr) is a spherical Bessel function of the first

kind. Note that in the nonrelativistic limit γPnκ(p) be-

comes the momentum transform of the radial nonrela-

tivistic spatial wavefunctions and γQnκ(p) goes to zero.

In other words, the relativistic Compton profile Eq. (4)

also goes over to the correct limit
[18]

.

3 Results and discussion

3.1 Compton profile of the ground state 1s
in H atom and Xe53+ ion

Table 1 lists the values of Compton profiles for the

ground state 1s of H atom and Xe53+ ion. In Table 1,

the present results have been given by three methods

labelled as a, b and c, respectively. The calculation a is

that the Compton profile was calculated from the rela-

tivistic radial orbitals obtained by solving Dirac equa-

tions numerically with two-parameter Fermi nuclear

model. The calculation b shows the Compton profile

calculated with analytical relativistic radial wavefunc-

tion Eqs. (12) and (13) as below. The calculation c

gives the Compton profile calculated with analytical

nonrelativistic Compton profiles Eq. (11) from Eq. (10)

as below. From the table, the present Compton pro-

files of 1s of H atom are in good agreement with the

available nonrelativistic results
[18]

.

As is well known, the nonrelativistic single-

electron orbital in point Coulomb potential can be

given by
[25]

Pnl(r)=Nnlr
l+1e−

Z
n
rF (−(n−l−1),2l+2; 2Z

n
r) , (10)

Table 1 Compton profile for the ground state 1s of H atom and Xe53+ ion.

q
H atom Xe53+ ion

This worka This workb This workc Ref. [18] This worka This workb This workc

0.00 8.487 7(−1) 8.487 7(−1) 8.488 3(−1) 8.49(−1) 1.467 2(−2) 1.468 4(−2) 1.571 9(−2)

0.05 8.424 3(−1) 8.424 3(−1) 8.424 9(−1) 8.42(−1) 1.467 2(−2) 1.468 4(−2) 1.571 9(−2)

0.10 8.238 1(−1) 8.238 1(−1) 8.238 6(−1) 8.24(−1) 1.467 2(−2) 1.468 4(−2) 1.571 9(−2)

0.15 7.939 7(−1) 7.939 7(−1) 7.940 2(−1) 7.94(−1) 1.467 1(−2) 1.468 4(−2) 1.571 9(−2)

0.20 7.545 7(−1) 7.545 6(−1) 7.546 0(−1) 7.55(−1) 1.467 1(−2) 1.468 4(−2) 1.571 8(−2)

0.30 6.554 3(−1) 6.554 3(−1) 6.554 5(−1) 6.55(−1) 1.467 1(−2) 1.468 3(−2) 1.571 8(−2)

0.40 5.438 1(−1) 5.438 0(−1) 5.438 1(−1) 5.44(−1) 1.467 0(−2) 1.468 2(−2) 1.571 6(−2)

0.50 4.346 1(−1) 4.346 1(−1) 4.346 0(−1) 4.35(−1) 1.466 8(−2) 1.468 1(−2) 1.571 5(−2)

0.60 3.374 6(−1) 3.374 6(−1) 3.374 4(−1) 3.37(−1) 1.466 7(−2) 1.467 9(−2) 1.571 3(−2)

0.70 2.566 2(−1) 2.566 2(−1) 2.566 0(−1) 2.57(−1) 1.466 5(−2) 1.467 8(−2) 1.571 1(−2)
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Table 1 (Continued)

q
H atom Xe53+ ion

This worka This workb This workc Ref. [18] This worka This workb This workc

0.80 1.924 5(−1) 1.924 5(−1) 1.924 4(−1) 1.92(−1) 1.466 3(−2) 1.467 6(−2) 1.570 9(−2)

1.00 1.061 2(−1) 1.061 2(−1) 1.061 0(−1) 1.06(−1) 1.4658(−2) 1.4671(−2) 1.570 3(−2)

1.20 5.844 0(−2) 5.844 0(−2) 5.843 2(−2) 5.84(−2) 1.4652(−2) 1.466 5(−2) 1.569 6(−2)

1.40 3.273 5(−2) 3.273 5(−2) 3.273 0(−2) 3.27(−2) 1.464 5(−2) 1.465 7(−2) 1.568 7(−2)

1.60 1.881 7(−2) 1.881 7(−2) 1.881 3(−2) 1.88(−2) 1.463 6(−2) 1.464 9(−2) 1.567 8(−2)

1.80 1.113 8(−2) 1.113 8(−2) 1.113 6(−2) 1.11(−2) 1.462 7(−2) 1.464 0(−2) 1.566 7(−2)

2.00 6.792 2(−3) 6.792 2(−3) 6.790 6(−3) 6.79(−3) 1.461 7(−2) 1.462 9(−2) 1.565 4(−2)

2.40 2.748 6(−3) 2.748 5(−3) 2.747 8(−3) 2.75(−3) 1.459 2(−2) 1.460 5(−2) 1.562 6(−2)

3.00 8.491 5(−4) 8.491 5(−4) 8.488 3(−4) 8.49(−4) 1.454 8(−2) 1.456 1(−2) 1.557 4(−2)

4.00 1.728 7(−4) 1.728 7(−4) 1.727 7(−4) 1.73(−4) 1.445 3(−2) 1.446 5(−2) 1.546 3(−2)

5.00 4.833 5(−5) 4.833 4(−5) 4.829 5(−5) 4.83(−5) 1.433 1(−2) 1.434 4(−2) 1.532 2(−2)

6.00 1.677 6(−5) 1.677 6(−5) 1.675 8(−5) 1.68(−5) 1.418 5(−2) 1.419 8(−2) 1.515 1(−2)

7.00 6.800 5(−6) 6.800 1(−6) 6.790 6(−6) 6.79(−6) 1.401 5(−2) 1.402 8(−2) 1.495 2(−2)

8.00 3.095 0(−6) 3.096 3(−6) 3.090 9(−6) 3.09(−6) 1.382 2(−2) 1.383 5(−2) 1.472 8(−2)

10.00 8.260 9(−7) 8.259 9(−7) 8.238 6(−7) 8.20(−7) 1.337 3(−2) 1.338 6(−2) 1.420 7(−2)

15.00 7.398 3(−8) 7.392 9(−8) 7.353 5(−8) 7.40(−8) 1.196 2(−2) 1.197 5(−2) 1.257 7(−2)

20.00 1.328 6(−8) 1.328 4(−8) 1.316 4(−8) 1.30(−8) 1.030 8(−2) 1.032 2(−2) 1.068 9(−2)

30.00 1.185 3(−9) 1.183 3(−9) 1.160 5(−9) 1.20(−9) 7.019 2(−3) 7.033 1(−3) 7.013 9(−3)

40.00 2.170 2(−10) 2.139 0(−10) 2.068 4(−10) 2.30(−10) 4.435 4(−3) 4.449 5(−3) 4.231 8(−3)

60.00 1.979 9(−11) 1.954 3(−11) 1.817 8(−11) 4.30(−11) 1.644 4(−3) 1.658 5(−3) 1.408 8(−3)

100.00 1.008 0(−12) 1.022 2(−12) 8.485 7(−13) 2.60(−11) 2.608 8(−4) 2.748 5(−4) 1.808 9(−4)

a Relativistic radial orbitals obtained by solving Dirac equations numerically with two-parameter Fermi nuclear model.
b Calculated with analytical relativistic radial wavefunction Eqs. (12) and (13).
c Calculated with analytical nonrelativistic Compton profile Eq. (11) from Eq. (10).

where Nnl =
( 2Z

n
)l+

3
2

(2l+1)!

√
(n+l)!

(n−l−1)!2n and F is conflu-

ent hypergeometric function. Then, according to the

appropriate Fourier transformation
[11, 18]

, the single-

electron Compton profile is also expressed analytically

as follows, taking the nonrelativistic Compton profile

of 1s orbital of H-like ion as an example,

J1s(q)=
8Z5

3π

1

(q2+Z2)3
. (11)

On the other hand, it is well known that the relativis-

tic radial function for H-like system in point Coulomb

field can be written as
[26]

Pnκ(r)=

√
2− ϵ

c2
ξ(
ρ

N
)γe−

ρ
2N [−nrF1+(N−κ)F2],

(12)

Qnκ(r)=−
√

ϵ

c2
ξ(
ρ

N
)γe−

ρ
2N [nrF1+(N−κ)F2], (13)

where

ρ=2Zr , (14)

nr =n−|κ| , (15)

γ=
√
κ2−α2Z2 , (16)

N =
√
(nr+γ)2+α2Z2 , (17)

ϵ

c2
=1−

√
1− α2Z2

N2
, (18)

ξ=

√
Z

2N2(N−κ)
Γ (2γ+nr+1)

[Γ (2γ+1)]2nr!
, (19)

F1 =F (−nr+1,2γ+1;
ρ

N
) , (20)

F2 =F (−nr,2γ+1;
ρ

N
) . (21)

In contrast to the nonrelativistic case, the analytical

form is not given here for relativistic Compton profile

because of its extreme complexity. For simplicity, the

relativistic Compton profile has been calculated numer-

ically and also listed in Table 1. It is shown that the

relativistic effect on the Compton profile is too weak

to distinguish them for H atom in Table 1 and Fig. 1.

Fig. 1 (color online)Compton profile of 1s orbital of
H atom.
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For Xe53+ ion, the present results are apparently

different from the values obtained by Eq. (11). It can

be seen in Table 1 and Fig. 2 that the relativistic effect

decreases the Compton profile in the low momentum

region and expands the distribution to the large mo-

mentum. In other words, the probability that 1s elec-

tron in Xe53+ ion has the high momentum can reach

larger value due to the relativistic effect, so that the

relativistic Compton profile must be more diffuse than

the nonrelativistic one. From the point of view of ra-

dial wavefunction in coordinate space, the relativistic

effect can contract the distribution of 1s orbital, so its

Compton profile can expand into the region of high

momentum.

Fig. 2 (color online)Compton profile of 1s orbital of
Xe53+ ion.

In addition, with comparison between the calcu-

lation a and b, it is shown that the nuclear volume

effects are hardly embodied especially for atomic H in

Fig. 1, even though the data give some differences in

Table 1. In fact, the differences between the results,

respectively from different calculation a and b, could

be reduced when the accuracy were improved. For

Xe53+ ion, there are some slight differences between

its Compton profile a and b from Table 1, so the ra-

tio between the calculation a and b are also plotted in

Fig. 2. The results show that at the present level of 3

or 4 significant digits, the nuclear volume effects can

be neglected for H atom and Xe53+ ion.

3.2 Compton profile of the excited states
nκ(n=2∼7) in H atom

The Compton profiles of nκ (n = 2 ∼ 7) orbitals

of H atom have been plotted in Figs. 3∼ 5 for better

understanding. From these figures, it is found that, no

matter what the value of n and κ, there are common

property that the Compton profile has some certain

number of platforms likewise nodes in spatial radial

wavefunction. That is, for given lj , the number of

platforms is n− l and they are in a sudden decreasing

manner in turn from small to large momentum. As is

well known, the single-electron radial orbitals have the

certain number of nodes in coordinate space, therefore

their corresponding wavefunction and density in mo-

mentum space still have the node structure and then

the integration of node structure results in the plat-

forms in their Compton profiles.

Then, it is apparent that at low momentum near

q=0 a.u. the Compton profile increases with the in-

crease of the principle quantum number n if given lj .

On the other hand, the Compton profile decreases as

increasing n at large momentum of especially e.g. q >

0.5 a.u. when l6 3 for H atom shown in Figs. 3∼ 4. In

other words, for given lj , the momentum distribution

of the orbital with large n dominates at low momentum

near q=0 a.u.. On the contrary, the momentum distri-

bution of the orbital with small n plays an important

role in the region of large momentum for the orbital

with l6 3. For l > 3, it is shown that the order of the

Compton profile is normal for g7/2,9/2 and h9/2,11/2 or-

bitals at low momentum as mentioned in the situation

for l6 3, i.e., J5g7/2,9/2(0)< J6g7/2,9/2(0)< J7g7/2,9/2(0)

and J6h9/2,11/2
(0)<J7h9/2,11/2

(0). But at high momen-

tum it can be seen only that the Compton profile with

small n supplies the narrow distribution in Fig. 4.

Generally speaking, one orbital with l can be split-

ted into two orbitals with lj=l− 1
2
and lj=l+ 1

2
due to

the relatvistic effect except for s orbital. Fig. 5 gives

the Compton profiles of 4lj orbitals and the ratios
Jnl

j=l+1
2

(q)

Jnl
j=l− 1

2

(q) that can be used to describe the extent of

relativistic splitting. Apparently, the Compton profiles

reduce rapidly for larger orbital quantum number l for

given principle quantum number n. At the region of

low and high momentum, the orbital quantum number

l larger, the Compton profile smaller for given n, e.g.

J4s(0)> J4p1/2,3/2(0)> J4d3/2,5/2
(0)> J4f5/2,7/2

(0) and

the Compton profile with smaller l can distribute more

diffusely. But for H atom, it is hardly to show their

Fig. 3 (color online)Compton profile of ns orbitals
of H atom.
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Fig. 4 (color online)Compton profile of np1/2,3/2, nd3/2,5/2, nf5/2,7/2, ng7/2,9/2, and nh9/2,11/2 orbitals of H atom.

Fig. 5 (color online)Compton profile and relativistic
effects of 4lj orbitals of H atom.

differences between two orbitals with 4lj=l− 1
2

and

4lj=l+ 1
2
. According to the ratio, the relativistic ef-

fects result in the different trends. That is, the Comp-

ton profiles of the orbitals with j = l− 1
2 are smaller

than that with j = l + 1
2 at low momentum i.e.,

Jnl
j=l− 1

2

(0) < Jnl
j=l+1

2

(0), while in the region of high

momentum q, the Compton profiles of the orbitals with

j = l − 1
2 are larger than that with j = l + 1

2 , i.e.,

Jnl
j=l− 1

2

(q)>Jnl
j=l+1

2

(q). On the other hand, the dif-

ferences between them gradually disappear as increas-

ing l > 0, because the ratio approach one with the in-

crease of l > 0 either near q=0 or for large momentum,

which indicates the stronger relativistic splitting takes

place in those electron state with low orbital quantum
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number l for given n.

3.3 Compton profile of the excited states
nκ(n=2∼7) in Xe53+ ion

Figs. 6∼ 8 show the dependence of the Compton

profiles on the momentum q of nκ (n=2∼ 7) orbitals

of Xe53+ ion. From these figures, as mentioned in Sec.

3.2, no matter what the value of nlj , there are certain

number of platforms for the orbital with lj of Xe53+

ion. The number of platforms is n−l that is the same

as in the situation for H atom. However, the Compton

profile is more expanded for Xe53+ ion. It is shown

that the electron momentum is easier to reach high

value comparing with H atom, in fact, as shown in

Figs. 1∼ 2.
Fig. 6 (color online)Compton profile of ns orbitals

of Xe53+ ion.

Fig. 7 (color online) Compton profile of np1/2,3/2, nd3/2,5/2, nf5/2,7/2, ng7/2,9/2, and nh9/2,11/2 orbitals of Xe53+ ion.
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Fig. 8 (color online)Compton profile and relativistic
effects of 4lj orbitals of Xe53+ ion.

Further, it can also be seen that the Compton pro-

file increases with the increase of the principle quan-

tum number n for the orbitals with given lj at low

momentum near q=0 a.u., while the Compton profile

goes down with the increase of n at large momentum

over q ∼ 30 a.u. roughly when l 6 3 in Figs. 6 ∼ 7.

The Compton profile of the orbital with large n domi-

nates at low momentum for the orbitals with given lj ,

but the Compton profile of the orbital with small n

shows the main contribution in the region of large mo-

mentum. Likely in H atom, for l > 3, the order of the

Compton profile is normal for g7/2,9/2 and h9/2,11/2 or-

bitals at low momentum as mentioned in the situation

for l6 3, i.e., J5g7/2,9/2(0)< J6g7/2,9/2(0)< J7g7/2,9/2(0)

and J6h9/2,11/2
(0)<J7h9/2,11/2

(0). However, the Comp-

ton profile is smallest for smallest n at high momentum

in Fig. 7.

For Xe53+ ion, from Fig. 8, the differences are

easily shown between the Compton profiles of the

orbitals with same l and different j at low momen-

tum. Likely in H atom, the Compton profiles reduce

rapidly for larger orbital quantum number l for given

principle quantum number n. At the region of low

and high momentum, the orbital quantum number l

larger, the Compton profile smaller for given n, e.g.

J4s(0) > J4pj (0) > J4dj
(0) > J4fj

(0) and the Comp-

ton profile with smaller l can distribute more diffusely.

However, on the contrary of H atom, the Compton

profile of the orbitals with j = l− 1
2 are smaller than

that with j = l + 1
2 in the region of low momen-

tum, i.e., Jnl
j=l− 1

2

(0) < Jnl
j=l+1

2

(0), while the situa-

tion is just oppsite in the region of high momentum:

Jnl
j=l− 1

2

(q) > Jnl
j=l+1

2

(q). The results are similar to

those for H atom. Of course, the differences between

them with same l and different j still gradually dis-

appear with increasing l > 0 either near q = 0 or for

high momentum. In addition, Fig. 9 shows the ratios

Jnl
j=l+1

2

(q)

Jnl
j=l− 1

2

(q) of Xe53+ for n = 2− 7 and l = 1− 5. It

is clear that the ratio approach one with the increase

of n either near q = 0 or for large momentum, which

indicates the stronger relativistic splitting takes place

in those orbitals with low principal quantum number

n for given l.

Fig. 9 (color online)Relativistic effects in Compton
profile of nlj(n=2∼ 7) orbitals of Xe53+ ion.

4 Conclusions

In this work, the Compton profile of H-like

ions has been calculated systematically by using the

GRASP code
[23]

and Fourier transformation. The ef-

fects of relativity and nuclear finite size on the Comp-

ton profile of the single electron have also been shown

in the present results with the help of comparing with

the Compton profile obtained from the analytical rela-

tivistic and nonrelativistic radial wavefunction in point
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Coulomb potential. As is well known, the relativistic

effect is apparent for the orbital in atom or ion with

large Z. On the contrary of the spatial wavefunction,

the effect of relativity can expand the distribution of

the Compton profile. On the other hand, the orbital

splits are more and more obvious for given nl(l ̸= 0)

as increasing Z. Of course, likely in spatial wavefunc-

tion, the relativistic effect can gradually weaken with

the increase of the principal quantum number n and

orbital quantum number l. In addition, the nuclear fi-

nite size hardly affects the Compton profile for H atom

and Xe53+ ion.

Furthermore, it is found that the Compton profile

of the orbital with quantum number nlj has certain

number of platforms that is n−l. The momentum dis-

tribution can be more diffused for the ion with larger

Z if given the quantum nlj , which means the orbitals

contribute more momentum distribution for atom or

ion with small Z near q = 0 a.u., while those for ion

with larger Z can dominate the distribution in the high

momentum.

In fact, the present calculation can also be directly

extended to consider the electron correlation effects

on Compton profile, if one-electron spatial orbitals

were obtained by multiconfiguration self-consistent-

field such as multiconfiguration Hartree-Fock and

Dirac-Fock methods, where the electron correlation

can be included in one-electron radial orbitals to some

extent.
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类氢离子的相对论康普顿轮廓

万建杰
1)

(西北师范大学物理与电子工程学院，兰州 730070 )

摘要: 基于中心场近似得到Dirac径向轨道，并使用恰当的Fourier变换系统计算了类氢离子电子动量分布和康普

顿轮廓。以H原子和Xe53+离子为例，探讨了相对论效应和原子核的有限体积效应对单电子康普顿轮廓的影响。同

时，详细研究了单电子康普顿轮廓对主量子数n、轨道量子数 l、单电子总角动量量子数 j和核电荷数Z的依赖关

系。结果表明，相对论效应可以扩展康普顿轮廓的分布,并且使给定nl的轨道随着Z的增加分裂得越来越明显。然

而，相对论效应也会随着主量子数n和轨道量子数 l的增加而减弱。同时，对于nlj轨道，其康普顿轮廓还具有n−l
个平台的结构。另外，原子核的有限体积几乎不会影响H原子和Xe53+离子的康普顿轮廓。

关键词: 康普顿轮廓；相对论效应；电子动量分布；类氢离子
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