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Abstract：The superdeformed (SD) states in medium heavy hypernuclei with core nuclei of Ar isotopes

and 40Ca are studied in the frame of Skyrme Hartree-Fock (SHF)+ BCS model together with a microscopic

ΛN interaction. The calculation indicates that the Λ separation energy SΛ of ground state is larger

than that of SD state. The result is consistent with the antisymmetrized molecular dynamics (AMD)

calculation, but inconsistent with that of relativistic mean field (RMF). The difference comes from the

different interaction and density distribution in the core nuclei and the corresponding hypernuclei.
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1 Introduction

One of the main purpose in hypernuclear physics

is to study the effect of the additional hyperon(s) on

the core nuclei. Due to the shrinkage effect of a hy-

peron, it was pointed out that the additional hyperon

affects the nuclear shape. Recently, the effect of hy-

peron(s) on the deformation in p-shell and sd-shell hy-

pernuclei was studied self-consistently in nonrelativis-

tic Skyrme-Hartree-Fock (SHF) mean-field model
[1–4]

,

relativistic mean field (RMF)
[5]
, and then antisym-

metrized molecular dynamics(AMD)
[6]
. In general, the

deformation of hypernuclei is a little bit smaller than

that of the core nuclei due to the shrink effect of

hyperon
[1]
. However, for the shape coexistent nuclei,

the RMF predicts a drastic change of the deformation

of the corresponding hypernuclei due to the additional

hyperon, such as in 13
Λ C and 29

Λ Si
[2, 5]

. Therefore, the

polarization effect of hyperons is larger in RMF model

than that in nonrelativistic SHF model
[3]
. However,

in an extended AMD calculations for p− sd shell hy-

pernuclei, it was found that Λ hyperon in the p wave

enhances nuclear deformation, while that in the s wave

reduces it
[6]
. Therefore, the effect of hyperons on nu-

clear shapes depends on different models.

In beyond sd−shell nuclei, there exist superdefor-

mation (SD) states. What happens when injecting a

hyperon into SD nuclei? To study the effect of hy-

peron on SD nuclei, it is better to choose light SD

nuclei. Recently, in A∼40 nuclei, the SD bands have

been observed in the even-even 36Ar
[7]

and 40Ca
[8]

nu-

clei and also recently in odd-A nucleus 35Cl
[9]
. In Ref.

[10], it was predicted, for the first time, that the SD

states exist in the hypernuclei 41
Λ Ca and 46

Λ Sc. It was

also found that the Λ separation energy BΛ becomes

smaller as the quadrupole deformation increases. The

Λ separation energy is smaller in SD state than that in

normal deformed state or spherical state according to

the calculation in 46
Λ Sc and 48

Λ Sc with AMD
[10]

. How-

ever, the conclusion is opposite to the RMF calculation

of SD states and the corresponding hypernuclei of Ar

isotopes
[11]

. It was found that the Λ separation energy

BΛ in the SD state is larger than that of a normally

deformed or spherical ground state. The reason of the

difference is because in RMF, the density profiles of SD

states in Ar isotopes have a strong localization with a

ring structure near the surface and the central part of

the density is dilute, showing a hole structure. The

localization of SD density results in an appreciable de-

formation in the hyperon wave function and then a

large overlap between the core and the hyperon in the

SD hypernuclei of Ar isotopes. In this sense, there is

a strong model dependence on the structure of SD hy-

pernuclei. It will be quite interesting and important
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to apply a well-established mean field Skyrme model

to study SD hypernuclei to see how SHF model
[12]

jus-

tifies the previous results of RMF or AMD and what

is the difference among the three models.

2 Extended skyrme energy den-
sity functionals including hyperon-
nucleon interaction

In the present extended SHF model
[1]

for hyper-

nuclei, the hyperon-nucleon interaction NSC89
[3]

is

added to the nucleon sector a modern Skyrme energy

density function SkI4
[13]

. The total energy of a hyper-

nucleus in the extended SHF model is written as

E=

∫
d3r ϵESHF(r) (1)

with the energy density functional

ϵESHF = ϵN[ρn,ρp, τn, τp,Jn,Jp]+ϵΛ[ρn,ρp,ρΛ, τΛ] (2)

where ϵN is the total energy density of nucleons
[14, 15]

,

and ϵΛ is the hyperon-nucleon energy density func-

tional. The local density ρq, kinetic density τq, and

spin-orbit current Jq read

ρq =
∑
k∈Ωq

v2k|ϕq
k|

2 , (3)

τq =
∑
k∈Ωq

v2k|∇ϕq
k|

2 , (4)

Jq =− i

2

∑
k∈Ωq

v2k

[
ϕq†
k ∇× σ̂ϕq

k−ϕq†
k (∇× σ̂)†ϕq

k

]
(5)

where ϕk are the single-particle wave functions of the

Ωq occupied states for the particles of kind q=n,p,Λ,

respectively. And v2k are the occupation probabilities

(for nucleons only) calculated by BCS approximation

by taking a residual pairing interaction into account.

In the calculation, the density-dependent delta force is

adopted in the pairing channel
[16]

,

V (r1,r2)=V0

(
1− ρ(r)

ρ0

)
δ(r1−r2) , (6)

where ρ(r) is the HF density at r = (r1 + r2)/2 and

ρ0 = 0.16 fm−3. The pairing strength is taken to be

V0 =−410 MeV fm3 for both neutrons and protons
[17]

.

The energy density functional of hyperon-nucleon

ϵΛ is written as in Ref. [18],

ϵΛ =
τΛ
2mΛ

+ϵNΛ(ρn,ρp,ρΛ)+(
mΛ

m∗
Λ(ρn,ρp,ρΛ)

−1

)(
τΛ
2mΛ

− 3

5

C

2mΛ
ρ
5/3
Λ

)
, (7)

with C =(3π2)2/3 ≈ 9.571 and

ϵNΛ =(ρn+ρp+ρΛ)B(ρn,ρp,ρΛ)/A−

(ρn+ρp)B(ρn,ρp,0)/A− 3

5

C

2mΛ
ρ
5/3
Λ , (8)

obtained from a fit to the binding energy per baryon,

B(ρn,ρp,ρΛ)/A, of asymmetric hypermatter, as gener-

ated by BHF calculations
[19]

. The adequate Λ effective

mass,

m∗
Λ

mΛ
=

[
1+

UΛ(k
(Λ)
F )−UΛ(0)

k
(Λ)
F

2
/2m

]−1

, (9)

is computed from the BHF single-particle potentials

UΛ(k) obtained in the same calculations. In practice

we use the parametrizations of hyperon-nucleon energy

density and Λ effective mass in terms of the proton,

neuron and hyperon densities ρn,ρp,ρΛ as is given in

references
[1, 19]

.

Minimizing the total energy Eq. (1) with respect

to nuclear density (hyperon density) one gets the

Schrödinger equation for nucleons (hyperon),[
−∇· 1

2m∗
q(r)

∇+Vq(r)− i∇Wq(r) ·(∇×σ)

]
ϕq
i (r)

= eqi ϕ
q
i (r) , (10)

where the modified HF potential by hyperon for nucle-

ons is given by,

Vq =V SHF
q +

∂ϵNΛ

∂ρq
+

∂
∂ρq

(
mΛ

m∗
Λ

)(
τΛ
2mΛ

− 3

5

C

2mΛ
ρ
5/3
Λ

)
. (11)

Here, V SHF
q (q =n,p) is the nucleonic Skyrme mean

field potential without hyperons and WN is the nucle-

onic spin-orbit potential as given in Refs. [14, 15]. The

nucleon mean field is thus modified due to the presence

of hyperons, causing a rearrangement of the nucleonic

structure of a hypernucleus. The hyperon potential in

Eq. (10) reads

VΛ =
∂ϵNΛ

∂ρΛ
+

∂
∂ρΛ

(
mΛ

m∗
Λ

)(
τΛ
2mΛ

− 3

5

C

2mΛ
ρ
5/3
Λ

)
−(

mΛ

m∗
Λ

−1

)
C

2mΛ
ρ
2/3
Λ , (12)

In the current calculation, axial symmetry is as-

sumed for the SHF potentials and the Schrödinger

equation is solved in cylindrical coordinates (r,z).
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3 Results and discussion

In Fig. 1, we illustrate the energy surfaces of 40Ca

and Ar nuclear isotopes with A = 36, 38 and 40 and

the corresponding Λ hypernuclei. The energy surfaces

of hypernuclei are shifted 14 MeV upward for a dis-

playing purpose. First let us discuss about Ca Isotope.

As shown in Fig. 1(a), we have four minima in the en-

ergy surface. The ground state of core nucleus 40Ca

is spherical with β2 = 0. The corresponding state of

the Λ hypernucleus, 41
Λ Ca is also spherical. Three local

energy minima in 40Ca and 41
Λ Ca, are oblate and pro-

late normally deformed states with β2 ∼−0.3, and 0.4,

respectively, and a superdeformed state with β2 ∼ 0.6.

In 36Ar and 40Ar and corresponding Λ hypernuclei, we

have three energy minima. The ground states for these

nuclei and the corresponding hypernuclei are oblate

with β2 ∼ −0.2. We have also superdeformed energy

minima for each nucleus and corresponding hypernu-

cleus with β2 ∼ 0.5. On the other hand, in 38Ar and
39
Λ Ar, we have only one shallow local minimum with

β2 ∼ 0. The energy surface between β2 ∼ 0.4 and 0.6

is quite flat. Therefore, we do not find any clear sign

of superdeformed state in this nucleus and its hypernu-

cleus, which is different from the work in Refs. [11, 20].

Fig. 1 (color online)The calculated energy surfaces of (a) 40Ca and 41
Λ Ca (b) 36Ar and 37

Λ Ar, (c) 37Ar and 38
Λ Ar, and

(d) 39Ar and 40
Λ Ar as a function of the deformation parameter β2. The Skyrme interaction SkI4 is used for

nucleonic part, while the NSC89 potential is used for ΛN interaction. The energy surfaces of hypernuclei are
shifted by 14 MeV upward for a displaying purpose.

In Table 1, we list the quadrupole deformation

parameters, Λ separation energies SΛ defined by

SΛ =E(A+1
Λ Z)−E(AZ) , (13)

and the overlap between the core and hyperon Ioverlap
defined by

Ioverlap =

∫
ρcore(r,z)ρΛ(r,z)rdrdz, r=

√
x2+y2 .

(14)

It is interesting to see the SΛs in each hypernuclei.

The calculated SΛs in all Λ hypernuclei are smaller by

about 1 MeV than those in Refs. [11, 20]. The rea-

son why the present calculations are much smaller is

the depth of single particle energy UΛ. The UΛ us-

ing present ΛN interaction, NSC89, is about 25 MeV,

which is less attractive than the UΛs with about 30

MeV depth in Ref. [11] in which ESC08 interaction

was used. When a Λ particle is added to these nuclei,

as shown in Table 1, SΛs in superdeformed states of

Ar isotopes and 41
Λ Ca are smaller than those of the

ground states of the corresponding hypernuclei, which

is inconsistent with the work in RMF
[11]

, but consis-

tent with the work by AMD calculation
[10]

although

the present energy differences of SΛ in each hypernu-

clei is smaller than those of AMD calculation. The

authors in Ref. [11] mentioned the reasons why the

SΛs in superdeformed states in Ar and 40Ca are much

larger than those in the ground state. That is from

the overlap between the density of core nucleus ρcore
and the density of hyperon ρΛ. In order to investigate
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them, first as shown in Table 1, we discuss Ioverlap.

In the RMF calculation of Ref. [11], the calculated

Ioverlaps in all of superdeformed states in Ar isotopes

are larger than those in the ground states because of

the strong localization with a ring structure near the

surface. However, in the present work, the Ioverlaps

in the superdeformed states in 41
Λ Ca, 37

Λ Ar and 39
Λ Ar

are smaller than those in the ground states since in

the present calculation there is no strong localization.

Therefore, there is a correlation between the overlap

between the density distribution of the core nucleus

and the hyperon Ioverlap and Λ separation energy SΛs

in RMF and SHF. If there is a strong localization with

a ring structure near nuclear surface, Ioverlap of SD

state will be larger than that of spherical or ND state

and so is the SΛ, and vice versa.

Table 1 The quadrupole deformation parameters, Λ
separation energies (SΛ) and spatial overlap be-
tween Λ and nucleons (Ioverlap) at the GS and
SD (with asterisks) minima in 40Ca, 36Ar, 38Ar,
40Ar and the corresponding hypernuclei. Values
of SΛ and Ioverlap calculated by RMF and AMD
are listed in parentheses, respectively.

Nucleus β2 SΛ Ioverlap

41
Λ Ca 0.000 17.836

(18.553, 18.66)
0.131 6

(0.136 1, 0.136 4)

41
Λ Ca∗ 0.594 17.363

(19.242, 17.70)
0.129 9

(0.139 3, 0.133 6)

37
Λ Ar −0.165 17.293

(18.177, 18.59)
0.129 9

(0.135 2, 0.133 8)

37
Λ Ar∗ 0.515 17.122

(18.524, 18.04)
0.128 4

(0.137 0, 0.131 0)

39
Λ Ar 0.000 17.379

(18.441, 18.55)
0.131 8

(0.136 0, 0.141 6)

41
Λ Ar −0.118 17.478

(18.785, 19.27)
0.131 8

(0.135 7, 0.135 3)

41
Λ Ar∗ 0.455 17.171

(19.070, 18.99)
0.131 8

(0.137 8, 0.137 0)

The density profiles in 40Ca, Ar isotopes, and the

corresponding hypernuclei are plotted in Fig. 2. We

see no localized density profiles in Fig. 2 despite of the

fact seen in RMF calculation in Ref. [11]. This is simi-

lar to AMD calculation in Refs. [10, 20]. Therefore, it

is reasonable that the SΛs in SD state are smaller than

those in the ground states. In comparison to the den-

sity distribution by AMD
[10, 20]

, the present nucleon

densities seem more dilute than those in AMD calcula-

tion. When a Λ particle is added into the core nuclei,

the densities become dynamical contraction for each

system from Fig. 2(a) to (c).

In Fig. 3, the calculated Λ−nucleon potentials of

the ground state and the SD state in 37
Λ Ar with the

SHF model are compared with those obtained by the

Fig. 2 (color online)Two-dimensional density distribu-

tions in the r−z plane (r=
√

x2+y2 and z axis is

the symmetric one) for (a)40Ca and 41
Λ Ca, (b) 36Ar

and 37
Λ Ar, (c) 40Ar and 41

Λ Ar, and (c). The asterisks
denote SD states.

RMF model with an effective Lagrangian PK1-Y1. For

both r− and z− direction, the mean field potentials of

Λ hyperon of SHF are shallower than those of RMF

model by 4∼ 5 MeV. This is the reason why the RMF

model predicts a larger Λ separation energy SΛ than

that of SHF model.
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Fig. 3 (color online)The Λ−nucleon potentials of the
ground state and the SD state in 37

Λ Ar. The SHF
potentials are calculated by using a Skyrme inter-
action SkI4 with the hyperon-nucleon interaction
NSC89, while the RMF potentials are calculated
by using an effective Lagrangian PK1-Y1.

4 Summary

The SHF+BCS calculation for 40Ca, 36,38,40Ar

and the corresponding hypernuclei indicates that the

Λ separation energy SΛ of ground state is larger than

that of SD state. The results are consistent with the

AMD calculation, but opposite to RMF calculations.

The difference of SΛ between the present and RMF

calculation comes from the strong localization with a

ring structure of the SD states in 36,38,40Ar isotopes

and 40Ca in RMF, while in the SHF and AMD cal-

culation, there is no localization of nucleons with a

ring-shape. And the different density distribution is

determined by the potential used in different models.

In this sense, the SHF calculation is similar to that of

AMD, but it does not agree with that of RMF. We also

recognize that the separation energy SΛ is very sensi-

tive to the adopted ΛN interactions while they are de-

termined by some microscopic models or phenomeno-

logical parametrizations such as the nuclear matter cal-

culations or microscopic many-body models.
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Skyrme Hartree-Fock模型对中等质量超形变超核的研究

周先荣
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摘要: 采用 Skyrme Hartree-Fock模型和微观的核子-超子相互作用对Ar同位素和 40Ca及相应超核的超形变态进

行了研究，计算结果表明，基态的Λ超子分离能比激发态的大。这一结果与反对称化分子动力学模型的结果一致，

而与相对论平均场的结果相反。这区别主要来源于不同模型中不同的相互作用导致的核心核及相应超核密度分布的

不同。
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