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Abstract：Proton radioactivity is an important decay mode for nuclei near the proton drip-line. Studies

of this decay mode can reveal valuable information on exotic nuclear structure and provide important

information on the stucture of nuclei in extreme conditions. The new experimental data can let us

understand the interactions in exotic systems, which motivate further theoretical development. The most

recent application of the projected shell model (PSM) for proton emitters is represented. We study the

rotational bands of the deformed proton emitter 141Ho by using the PSM. The experimental data are

well reproduced. Strongly suppressed γ transition from the low-lying Iπ= 3/2+ state makes this state

isomeric. Variations in the dynamical moment of inertia are discussed due to band crossings using the

band diagram. The calculated results for proton emitter 151Lu shows it is oblately deformed.
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1 Introduction

Studies of nuclei far from the line of β stability

have become an important subject in nuclear structure

studies[1−3]. The structure of nuclei near the drip lines

may be different from that of nuclei along the valley of

stability. The studies of structure and decay of exotic

nuclei can test the present nuclear theory and model,

and promote their development[4].

In the region of proton-rich nuclei far from the

line of β stability, the nuclei with large proton excess

can make the nuclear system stable through emitting

proton, which is called proton radioactivity[5]. Proton

radioactivity is an important decay mode of nuclei far

from the line of β stability. Usually, proton emitter

with lower Z near the drip line exist as a resonance

state with short lifetime. While near the drip with

high Z, the proton emitter with longer lifetime can be

observed due to Coulomb interaction of unbound pro-

ton and core. In fact, the parent nucleus is in a quasis-

tationary state, and the proton decay may be consid-

ered as a process where the proton tunnels through the

potential barrier. The decay rate of proton emission

is sensitive to parent and daughter nucleus, and the

half-life offers the information of wave function of pro-

ton resonance. Experimental information on proton

emitter offers a basis to understand the fundamental

nuclear interactions near the drip lines. Theoretical

calculations have predicted interesting modifications

from the nuclear structure properties known for stable

nuclei.

Advances in the experimental techniques[6−13]

have allowed one to get deep insights into the orga-

nization of nuclei with extreme conditions. Proton ra-

dioactivity has been investigated from the spherical

proton emitters in their ground states (for some cases

from the isomeric state) between Z =69 and Z =81[7].

While the anomalous decay rates observed in recent

experiment suggest a large deformation for the core[8].

The subsequent proton emission from ground state to

2+ state in the daughter nucleus in 131Eu is observed[9].

With the development of technology, more proton emit-

ters are observed[10−12]. The experimental results pro-

mote the study of proton decay theoretically, espe-

cially from deformed nuclei[13−16]. Generally, proton

emission only involves the movement of one proton

through the Coulomb barrier. But proton emission

is complex actually. It is different to divide the wave

function of nucleus into two parts with one proton and

daughter nucleus. In addition, nuclear structure also

affects the decay in proton emitter. While for spheri-

cal nuclei, many theories give the good results[17−18].

For example, the experimental half-lives are repro-

duced by half-life by the spherical WKB approxi-

mation and Born distorted-wave Born approximation

(DWBA). The theoretical tools available for deformed
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emitters are developed. In the framework of particle-

rotor model, many methods are applied to study the

proton emitters, such as adiabatic coupled-channel

method with Gamow states[13,19], extended Bugrov-

Kadmenskii method[8−9], noadiabatic coupled-channel

method with Gamow states[14],coupled-channel de-

scription with Green′s function method[15] nonadia-

batic quasiparticle method[20]. Other theories are

relativistic Hartree-Bogoliubov model[21] and the ap-

proach based on the time-dependent schrödinger

equation[22]. These studies can well describe the prop-

erties of the proton emitters, although not all of these

are based on a fully microscopic and self-consistent de-

scription of proton unstable nuclei.

Most of the theoretical investigations have been

focused on the discussion of half-lives of proton emis-

sion. There are not many theoretical works about

nuclear structure of proton emitter. Recently, high-

quality spectroscopic information of ground and iso-

meric state along the proton drip line have been ob-

served experimentally, allowing us to understand the

deformed proton emitters at higher spins. The in-

beam spectroscopy for proton emitters was reported by

Yu et al.[23] Rotational bands feeding the ground state

and an isomeric state in the proton emitters 147Tm

and 141Ho were observed[24−25], which indicate that

these two nuclei are deformed. Rotational bands based

on the πh11/2 orbital in 145Ho and 145Tm were also

reported[26−27], and the structure of proton unbound

state along the proton drip line can be further under-

stood. These experimental data can serve as an ideal

testing ground for nuclear structure models that are

applicable to the drip lines. The experimental data

have an important impact on theories, which provide

an ideal test case for nuclear structure models.

In our work, it is the first time for projected shell

model (PSM) [28] to be used to investigate the struc-

ture of the proton emitter. The nucleus 141Ho studied

is known to have large deformation, which is an ideal

case to test our theory[29]. And an middle deformed
151Lu is also calculated.

2 Outline of the theory

A PSM calculation is carried out in the deformed

Nilsson single-particle states[30]. Deformed states are

defined in the intrinsic frame of reference where the

rotational symmetry is broken. In order to calculate

the observables, the broken rotational symmetry is re-

stored in the wave functions. This can be completed

by using the standard angular momentum projection

method The projected states are then used to diago-

nalize a two-body shell model Hamiltonian. The dif-

ference from the conventional shell model is that cal-

culation is performed in a deformed basis rather than

a spherical one in PSM.

A deformed basis is constructed from the standard

Nilsson model, and the parameters κ and µ in the Nils-

son potential are taken from Ref. [31]. After a BCS

calculation, the deformed quasiparticle (qp) states can

be constructed, which are the starting point of the

PSM. The set of multi-qp states for our shell model

configuration space is

|ϕκ⟩= {a+π |0⟩ ,a+π a+ν1
a+ν2

|0⟩} , (1)

where a+s are the qp creation operators, πs(νs) rep-

resent the proton (neutron) Nilsson quantum numbers

which run over the low-lying orbitals, and |0⟩ is the

Nilsson + BCS vacuum (0-qp state). In Eq. (1), the

3-qp states selected for the many-body basis consist of

the 1-qp proton state plus a pair of qps from neutrons.

The pairing plus quadrupole-quadrupole (QQ)

Hamiltonian with the quadrupole-pairing term are in-

cluded in the Hamiltonian[32]

Ĥ = Ĥ0−
1

2
χ
∑
µ

Q̂+
µ Q̂µ−GMP̂+P̂−GQ

∑
µ

P̂+
µ P̂µ , (2)

where Ĥ0 is the spherical single-particle Hamiltonian,

which includes a proper spinorbit force[31]. The sec-

ond term in the Hamiltonian is Q-Q interaction and

the last two terms are the monopole and quadrupole

pairing interactions, respectively. The Q-Q interaction

strength χ is ajusted such that the quadrupole defor-

mation ε2 is obtained from the self-consistent mean-

field calculation[28]. The monopole pairing strength

GQ is expressed by GM = [20.12∓13.13(N−Z)/A]/A,

with “–” for neutrons and “+” for protons[28]. The

quadrupole pairing strength GQ is proportional to GM,

and the proportionality constant is taken as 0.16 in

the present work. Three major shells N = 3,4,5 are

included for both neutrons and protons as the valence

single-particle space.

Then the Hamiltonian in the shell model space

spanned by P̂ I
MK |ϕκ⟩ is diagonalized. Thus the PSM

wave function is given by

Ψσ
IM =

∑
KI,κ

fσ
κ P̂

I
MK |ϕκ⟩ , (3)

where σ specifies the states with same angular momen-

tum and κ represents the basis states. P̂ I
MK is the

angular momentum-projection operator. The set of

eigenvalue equations for each spin I in the PSM are

obtained by∑
κ′

{Hκκ′ −EσNκκ′}fκ′σ =0 , (4)
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The Hamiltonian matrix elements Hκκ′ and the norm

matrix elements Nκκ′ are defined as

Hκκ′ = ⟨ϕκ|ĤP̂ I
KK′ |ϕκ⟩ , Nκκ′ = ⟨ϕκ| P̂ I

KK′ |ϕκ⟩ .

(5)

The expectation value of the Hamiltonian with a

rotational band κ, Hκκ′/Nκκ′ defines a band energy.

The band diagram[28] describes the band energies as

functions of spin I. In a band diagram the bands with

various configurations are shown before they are mixed

by the diagonalization procedure of Eq. (4).

3 Results and discussion

The present PSM calculations are carried out for
141Ho with deformation parameters ε2 = 0.258 and

ε4 = −0.035, which are consistent with the values ex-

tracted from experiment[25]. The calculated energy lev-

els for the negative-parity 7/2− band and the positive-

parity1/2+ band are shown in Fig. 1. It can be seen

that the experimental data are reproduced rather well

by the calculation. The 1-qp proton configuration with

Kπ=7/2− built on the h11/2 orbital is found to be

the lowest in energy that defines the yrast sequence,

which agrees with the results of Ref. [25]. On the other

hand, the calculated 1-qp proton configuration with

Kπ=1/2+ of d3/2 is the lowest among all the positive-

parity bands. An excitation energy of 66 keV is de-

duced for the isomeric 1/2+ state in the experiment;

however, the band built on it was uncertain[25]. The

present calculation shows that the positive-parity band

built on the proton 1/2+ state has the bandhead en-

ergy of 49.8 keV, and the 3/2+ state lies 4 keV higher

than the 1/2+ bandhead.

Fig. 1 Calculated energy levels for 141Ho and compar-
ison with experimental data. This figure is taken
from Ref. [29].

The positive-parity Kπ =1/2+ band exhibits an

approximate pairwise degeneracy, as shown in the

E(I)−E(I−1) plot in Fig. 2(a). Because of the degener-

acy, the energies E(I) of this rotational band split into

two branches of the ∆I =2 cascade (the so-called signa-

ture splitting[33]), one of which (with I =3/2, 7/2, . . .)

is energetically favored and the other (with I =

1/2, 5/2, . . .) is unfavored. Only the energetically fa-

vored branch can be observed experimentally[25]. Fig.

2(b) shows the calculated B(M1, I → I−1) values for

this band. It can be seen that the M1 transition oc-

curs only from the unfavored to the favored branch,

while those from the favored to the unfavored branch

are strongly suppressed. Espectially, the negligible γ

decay of B(M1,3/2+ → 1/2+) makes the 3/2+ state

isomeric and a proton emission could become the fa-

vorite decay mode for this state. This result is con-

sist with the study with the nonadiabatic quasiparticle

model[34] that suggested that the isomeric state from

which the proton is emitted is the 3/2+ state, not the

1/2+ bandhead.

Fig. 2 (a) Calculated energy differences between spin
states I and I−1 for the positive-parity Kπ =1/2+

band, and (b) B(M1, I → I−1) values for this band.
This figure is taken from Ref. [29].

The moment of inertia in deformed nuclei is help-

ful to investigate the rotational behavior. In Fig. 3,

we display the calculated dynamical moment of iner-

tia J(2) and available data. The dynamical moment of

inertia of a band is defined by
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J(2) =
4

Eγ(I)−Eγ(I−2)
, (6)

where the transition energy Eγ =E(I)−E(I−2), and

the rotational frequency by

~ω=
Eγ√

(I+1)(I+2)−K2−
√
(I−1)I−K2

. (7)

It is can be seen in Fig. 3(a) that the experimen-

tal J(2)of the 7/2− band shows a smooth rise up to

~ω ≈ 0.3 MeV as rotational frequency increases and

then increases more rapidly. The observed behavior

for J(2) is well reproduced by the our calculation. The

present calculation further predicts a turning back in

J(2). Due to limited experimental data for the 1/2+

band, so the discussion for this band is mainly a predic-

tion. One can see in Fig. 3(b), the PSM reproduces the

observed dramatic change of J(2) at low rotational fre-

quencies and further predicts another rise at ~ω≈ 0.32

MeV. J(2) shows a zigzag behavior for the high-spin

states of the 1/2+ band, which needs future experi-

mental confirmation.

Fig. 3 Calculated dynamical moments of inertia for 141Ho and comparison with available experimental data. This
figure is taken from Ref. [29].

Variation of J(2) is an important indication for

structure changes in wave functions. It is interesting

to study the details of what particular orbitals con-

tribute to the changes of J(2). In PSM, band crossings

between bands of 1- and 3-qp configurations can de-

scribe changes in rotational behavior in odd-mass nu-

clei through plotting band diagrams. In Fig. 4, the rel-

evant 1- and 3-qp bands are displayed in 141Ho, whose

corresponding configuratons are represented. For the

negative-parity bands in Fig. 4(a), one can see that

the 1-qp K = 7/2 band goes monotonically up, obey-

ing approximately the E ∼ I(I +1) rule for a rotor.

This suggests that this band is strongly coupled to the

rotating body. However, it is approached by several

other bands when spin increases. Due to the band in-

teraction, the regular behavior of the K =7/2 band is

disturbed. The 1-qp K =5/2 band with a smaller slop

comes closer to the K = 7/2 band in the intermedi-

ate spin region. The interaction of this band with the

K =7/2 one results in a change of J(2), making it rise

more rapidly. A band crossing is observed at about

I =37/2, where a 3-qp band crosses the 1-qp K =7/2

band. The crossing 3-qp band has the configuration of

the π(K =7/2,h11/2) proton coupled to a pair of neu-

tronsof ν[(K =7/2,h11/2)+(K =1/2,f7/2)]. The band

crossing results in significant changes of the yrast struc-

ture and a sharp peak occurs in J(2) at ~ω≈ 0.47 MeV,

as shown in Fig. 3(a). The lowest positive-parity band

mainly comes from the K = 1/2 state of the proton

d3/2 orbital. While this configuration is strongly dis-

turbed by another nearby one with K =7/2 of the pro-

ton g7/2 orbital at spin I =7/2 as shown in Fig. 4(b).

The interaction between them causes irregularity at

very low rotational frequencies around ~ω≈ 0.25 MeV,

as seen in Fig. 3(b). It is also observed in Fig. 3(b) that

the behavior of the K =1/2 band becomes more regu-

lar with increase of spin, exhibiting a zigzag behavior

because of the low-Kcharacter of the configuration. At

higher spins, some 3-qp bands is close to the K =1/2

1-qp band. The 3-qp bands are composed of the pro-

ton π(K = 7/2,g7/2) or π(K = 1/2,d3/2) coupled to a

pair of neutrons ν[(K =7/2,h11/2)+(K =1/2,f7/2)].
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Fig. 4 (color online)Calculated band diagrams for 141Ho. This figure is taken from Ref. [29].

It is known that hexadecapole deformation can

modify the single-particle states generated by the usual

quadrupole-deformed potential. For 141Ho, the two

low-Kproton single-particle states, π(K = 1/2,d3/2)

and π(K = 3/2,d5/2), approach the proton Fermi sur-

face, therefore, both could have a chance to be the

lowest positive-parity configuration. Our calculations

suggest that their positions depend sensitively on the

degree of hexadecapole deformation. The present re-

sult is consistent with the conclusion of Ref. [25] that
141Ho has significant hexadecapole deformation near

the ground state.

We perform the calculations for proton emitter
151Lu to further test our model. Fig. 5 shows the calcu-

Fig. 5 Calculated energy levels for 151Lu and com-
parison with experimental data.

lated energy levels for the negative-parity and positive-

parity bands for 151Lu, together with the experimental

data[35−36]. The calculations are performed for 151Lu

with deformation parameters ε2 =−0.141,ε4 =−0.04.

This indicates that 151Lu is oblate nucleus, which is

consistent with the nonadiabatic quasiparticle calcula-

tions that suggest an oblately deformed, 11/2− and

3/2+ proton-emitting states with a quadrupole defor-

mation of β2 = −0.11[35] and −0.11+0.02
−0.05

[36]
, respec-

tively. One can see that the data are reproduced well

at low spins by the present calculations. The calcu-

lated energy levels of 23/2− and 27/2− are almost de-

generated, which results from the bands interaction.

The further experiments are necessary to confirm the

energies predicted at high spins.

To understand the information of nuclear struc-

ture, in Fig. 6. we plot the relevant 1- and 3-qp bands

in 151Lu for negative parity and positive parity, whose

configurations are given in the figure. For negative par-

ity, theKπ=5/2− band is close to theKπ=3/2−, there

is a competitive relationship. The 1-qp proton config-

uration with Kπ=3/2− from the h11/2 orbital is found

to be the lowest in energy at low spins. It suggests that

the ground of an oblate nucleus is Kπ=3/2−, while the

result of Re[37] suggests a ground state of Kπ=5/2−.

The energies of 3-qp bands at high spins are lower than

the 1-qp bands. Therefore, the ground band at high

spin is composed of the 3-qp configuration. The 3-qp

band with Kπ=5/2− comes close to other two 3-qp

bands, the interaction between them leads to irregu-

larity of energy at I=27/2. For positive parity, the

calculated 1-qp proton configuration with Kπ=3/2+of

d3/2 is the lowest at low spins，suggesting that the iso-

meric state of 151Lu comes from Kπ=3/2+ that is in

agreement with the suggestion Ref. [37]. While ener-

gies of the 3-qp bands at high spins are lower than the

1-qp bands. Thus, the 3-qp configurations contribute
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to the 3/2+ band at high spins. Meanwhile, The 3-qp

band with Kπ=7/2+ comes close to 3-qp band with

Kπ=3/2+, whose interaction results in the irregular-

ity of energy at I =19/2.

Fig. 6 (color online)Calculated band diagrams for 151Lu.

4 Summary

The PSM has been applied to study the proton

emitters successfully. A detailed calculation for the ro-

tational bands in 141Ho is performed using the PSM.

We found that the calculation well describes the exper-

imental data of the rotational band energies. One can

find that strongly suppressed γ transitions from the

low-lying 3/2+ state makes this state isomeric, in favor

of the suggestion that a proton emission could become

the favorite decay mode for this state. The variations

in moments of inertia have been discussed according to

various band crossings in the band diagram. The cal-

culated energy for proton emitter 151Lu is well repro-

duced, showing that this nucleus is oblately deformed.

The success of the PSM calculation for proton

emitters suggests that the existing theoretical models

may not need to consider significant modifications in

order to describe the structure at the proton drip line

in contrast to the neutron-rich side. This may result

from the fact that these nuclei that lie at the proton-

rich region are not very far from the β stable line, and

the known concepts for the structure discussion are

still applicable.
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