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Abstract: During the past decade, theoretical researches and terrestrial nuclear laboratory experiments
have made impressive progresses on the researches of symmetry energy of the asymmetric nuclear matters,
which is very important in understanding the equation of states and the structures of neutron stars. In
this work, by making use of a conservative symmetry energy slope (SES) range (25 MeV < L <115 MeV),
the constraints from the SES on the structures and properties of static and rapid rotating neutron stars
are investigated. The constraint properties include the mass-radius relations, the moments of inertia, the
redshift, the deformations of the rapid rotating stars, etc. According to the conservative SES range, it
is shown that the radius of a canonical neutron star (with M =1.4My) can be constrained in a region
of 10.28 ~ 13.43 km, which is consistent with one of the latest constraints on the radius of neutron star
in observations. It is also shown that if a sub-millisecond pulsar with a lighter stellar mass is observed
in the future, then a softer SES of the asymmetric nuclear matters is preferred. The universal property
of the angular momentum provides a way to obtain the upper limit of the moment of inertia of a rapid
rotating neutron star with observed mass. Moreover, the results also can provide a constraint on the
lower mass limit (>1.5Mg) of pulsar in low-mass X-ray binary EXO0748-676 if the observed redshift of
this star is from the polar direction.
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1 Introduction

The density dependent symmetry energy is one
of the hot research topics during the past decade, as
the symmetry energy is very important both in nu-
clear physics and astrophysics[lfs]. In nuclear physics,
the symmetry energy is essential to understand the
structure of the radioactive nuclei, the liquid-gas phase
transition in asymmetric nuclear matters, etc. In as-
trophysics, the symmetry energy is the key character
to understand the equation of state (EOS) of the asym-
metric dense nuclear matters, and thus to comprehend
the structure and property of the compact stars, such
as the neutron stars. At present, the EOS of the sym-
metric dense matters (the content of protons and neu-
trons is equivalent) is understood very Well[ﬁ], but the
EOS of the asymmetric dense matters (the neutron-
rich dense matter such as the matter in the core of
the neutron stars), especially at the super high densi-
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ties, is very poorly known, which is essential because
of the uncertainties of the density dependent symme-
try energy[375’ 7]
the symmetry energy at several times of the saturation

. In fact, the theoretical predictions of

nuclear densities are rather diverse and unfortunately
there is no known first-principle guiding us to close the
divarication * % T Tt is gratifying to see that there
are still many impressive progresses have been made in
understanding the symmetry energy in both theories
and experiments during the past decade (2, 5-21]

The first-order coefficient of the Taylor expansion
for the symmetry energy at saturated nuclear density is
defined as the symmetry energy slope (SES)[E’}, which
provides the dominant baryonic contribution to the
pressure around the saturated nuclear density in neu-
tron stars and thus affects the properties of neutron
stars, such as the inner crusts and the radii of the
neutron stars. In fact, most of the recent effort in
constraining the symmetry energy has focused on re-

Foundation item: Natural Science Foundation of China(10947023, 11275073, 11205061); Fundamental Research Funds for Cen-

tral Universities(2013ZG0036)

Biography: WEN Dehua(1972-), Sichuan province, Professor, Working on nuclear astrophysics;

E-mail: wendehua@scut.educn.



. 162 - [ S R 7/ B N I 7

¥ 32%

ducing the uncertainty of SES (2,7, 2022, 24726] * e

SES can be constrained by the nuclear reactions and
During the last decade, too

many efforts have been made to constrain the SES of
[2, 7, 21-51]

the nuclear structures.

the asymmetric nuclear matters

On the other hand, observations have shown that
the neutron stars have rapid spin frequencies and some
of them have spin frequencies at an order of their Ke-

(52531 As we know, the Keplerian

plerian frequencies
frequency sets a definite upper limit of the stellar spin
frequency and beyond which the matters at equator
will be thrown away. In fact, the rapid spin frequency
is one of the important dynamical factor to determine
the structure and global property of neutron star, such
as the mass-radius relation, the redshift, the moment
of inertia, the deformation, the gravitational radiation

[54-63] Obviously, above mentioned proper-

and so on
ties should be investigated in the frame work of general
relativity. Generally, these quantities should be the so-
lutions of the Einstein field equations for the static ax-
isymmetric gravitational field, coupled to the equation
of hydrostatic equilibrium and the equation of state of
the dense matters. Moreover, we only can solve these
quantities numerically. In fact, the numerically cal-
culating models for dealing with the rotating neutron
stars have been constructed during the past decades
by several groups[54760}
Hartle and Thorne!®* %% is an approximate method to

, among which the scheme of

study the slowly rotating neutron star and the others
are accurate schemes to deal with the rapidly rotating
neutron stars. Based on the rapidly rotating models
constructed by Refs. [58-60], one efficacious code RNS
was developed and made available to the public by

69 1n this work, we will

Stergioulas and Friedman
employ the RNS code to calculate the properties of
the rapidly rotating neutron stars.

It has been found thirteen years ago that there is
a strong correlation between the pressure near the nu-
clear saturation density and the radius of the neutron
star while the stellar radius is not sensitive to the stel-

14-64] ~ As we know, the mass of the neutron

lar mass
star in binary system can be determined very precisely
by the observations nowadays, while the measurement
of the radius of neutron star is very hard because of
its small figure and the far distance. But many of the
properties such as the redshift, the moment of iner-
tia, are related both of the mass and radius of neutron
star. Therefore, it is very important to constrain the
radius by other methods. As has mentioned above,
the SES is the key parameter to determine the EOS of
the asymmetric dense matters around the saturation
density, and thus is the key parameter to determine
the radius of the neutron stars, so it is very interest-

ing to investigate the constraint from the SES, which
could/has been constrained by the terrestrial nuclear
experiments, on the properties of the rapid rotating
neutron stars. By the way, it is worth noting that
although the SES at saturation density has a strong
correlate with the neutron star radius, it is not the
unique important factor in determining the neutron
star radius/®®%% In this work, we will use a conser-
vative range of the SES to explore the structures and
properties of the rapidly rotating neutron stars, such
as the mass-radius relations, the moments of inertia,
the redshift, the deformations, etc. This paper is orga-
nized as follows. After the Introduction, we recall the
formalism used to calculate the structure of static and
rotating relativistic stars in Sec. 2. The SES and the
EOSs are reviewed in Sec. 3. The numerical results
and discusses are presented in Sec. 4, Followed by the
conclusion in Sec. 5.

2 The equilibrium structure of static
and rotating relativistic stars

In the following section, the static and rotating
neutron star’s equilibrium structure equations deduced
in the framework of general relativity are briefly re-
viewed.

For the static neutron stars, its metric can be de-
scribed as

—ds? = —e*Pdt* + 1 dr® +r2(d6* +sin6de?) , (1)

where &, A are the functions of radius r only.

The energy-momentum tensor of the neutron star
matters can be expressed as follows by treating the
matters as perfect fluid

T =pg™® + (p+p)uu” (2)

where a,8=0,1,2,3, and u® is the four-velocity satis-
fying u®uqe = —1.

Then according to the Einstein field equation,
we can obtain the equilibrium structure equations
of static compact stars, namely, the familiar TOV

equation[67f68]
@ _ (p+p)[m(r)+ 47TT3p] (3)
dr rlr—2m(r)] ’
and ")
m\r . 2
= 4dtrop . (4)

Providing the EOS and the proper boundary condi-
tions, the structure of a static neutron star can be
numerically calculated.

To deal with the rapidly rotating neutron star, the
following assumptions are proposed[54]: (1) the matter
can be described as a perfect fluid; (2) the matter dis-
tribution and the spacetime are in a stationary state
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and axisymmetric; (3) the matters only have circular
rotation motions, and their angular velocity {2 is con-
stant to a distant observer at rest. Under these assump-
tions, the metric of a rapidly rotating neutron star can
be described as

—ds® = —e®dt* + e (dr? +r2do*)+
e*¥r?%sin0(dp —wdt)? | (5)

where the metric functions (v, u,w,? ) are functions of

r and 6 only. To the rotating stars, the four-velocity
u® in the energy momentum tensor is given by[ﬁg]

—v
o e

= —
V1—2v2

where the proper velocity v with respect to a local zero

(1,0,0,82) , (6)

angular momentum observer is defined by
v=rsinfe’ 7 (2 —w). (7)

By using the metric of Eq. (5) and the energy momen-
tum tensor based on Egs. (1), (6) and (7), Einstein
field equation can be expressed only by the metric func-
tions, the energy density and the pressure of the mat-
ters, and the proper velocity. The detailed expressions
please refer tol ™.

To numerically calculating the rotating neutron
star’s structures, excepting for the equations men-
tioned above, one still need the equation of hydro-
static equilibrium and the appropriate boundary con-
ditions. The equation of hydrostatic equilibrium is
derived from the equation of motions and takes the
following form %%

1 1 2
p+pr+Vu 2Vln(l v7)=0. (8)

Nowadays, several available numerical codes for
calculating the relativistic rotating neutron star struc-
tures and properties have been successful developed,
the introduction and comparison of these codes please
refer t0/%. Here, we will employ the RNS code based
on Refs. [58-60] to calculate the structures of the
rapidly rotating neutron stars.

To the global properties of rapid rotating neutron
stars, except for the mass-radius relation, the moment
of inertia, the redshift and the deformation are also
interesting quantities to characterize the stellar struc-
tures. The moment of inertia is defined by

J
I=— 9
where (2 is the star’s angular velocity, and J is the

angular momentum, which could be calculated by[69]

J:2ﬂJe2“+2¢%rgsin20drd9 . (10)

For a rapidly rotating neutron star, the redshift
of the radiations are from two mechanisms: the gravi-
tational redshift and the Doppler shift (which is a red-
shift in the backward direction and a blueshift in the
forward direction). But at the polar, there is only the

gravitational redshift, which is defined asl®™ %

Zp = |gtt|—1:e_yp—1 s (11)

where the subscript p denotes values at the polar sur-
As most of the observed radiation of neutron
stars are believed from the polar area, so here we only
focus on the redshift at the polar.

Another interesting property is the deformation,
which can be described by the ratio of the radius at
polar and at equator, that is Rp/Re. The deformation
is very important in investigating the gravitational ra-

face.

diation.

3 SES and EOS of the asymmetric
dense nuclear matters

In numerically calculating the structure of ro-
tating neutron stars, the EOSs of the dense mat-
Up to now, the EOS
for the symmetric nuclear matter around saturation

ters are the necessary input.

density is known relatively well, but it is still very
poor known in the density regimes far from satu-
ration density and isospin asymmetries § close to 1
(6 = (Pn—np)/(Nn+np), where ny, and ny, are the
baryon number densities of neutrons and protons, re-
spectively).

In order to describe the EOS of the asymmetric
dense nuclear matters mainly made up of neutrons,
protons and electrons, the EOS is normally decom-
posed into two parts according to the isospin asymme-
try, that is, the part of the symmetric nuclear matter
Esnm = Eo(n,0 =0) and the part of the pure neutron
matter Epnm = E(n,6 = 1). Then the EOS of the
isospin asymmetric nuclear matters can be expanded
to the second-order according to the isospin asymme-

try as 5, 7, 21]

E(n,d) = Eo(n)+S(n)d* +... (12)

where n is the baryon density, S(n) is the density de-
pendent symmetry energy. Neglecting the higher-order
contribution, as a good approximation which has been
verified by many-body theories, the symmetry energy
is just the difference between the Epny and the Fgn,
that is [ 7 2%

S(n)=E(n,0=1)—Eo(n,6=0) . (13)
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Around the saturation density ng, the symmetry en-
ergy can be expanded in a Taylor series as

1
S(n) :SO+LX+§KSme2+... ; (14)

where x(= (n—mn0)/(3n0)) characterizes the deviations
of the density from saturation density, So is the sym-
metry energy at saturation density, L and Kgsym are
the slope parameter and the curvature parameter, re-
spectively. Through this expanding, the uncertainties
of the EOS around saturation density of the asym-
metric nuclear matters thus mainly lie in the SES.
During the last decade, too many efforts have been
made to constrain the SES of the asymmetric nu-
clear matters > 7 21 22 247500 Phe most recent con-
2, 45751], coupled with inferences from the the-
oretical calculations of pure neutron matter® 71], the
value of L is constrained in a range of L = (50 % 20)
MeV. And a community average L =~ 60 MeV is ob-

tained through analyzing the recent constraints on the
48, 72]

straints

slope . In this work, we will take a conservative
range of the SES with 25 MeV < L < 105 MeV
from the model analysis of terrestrial nuclear labo-
(2, 7, 21, 22, 24-50] , _ . .

to investigate the
constraint from the symmetry energy slope on the

ratory experiments

properties of the rapidly rotating neutron stars. The
Modified Skyrme-Like (MSL) model is adopted to ob-
tain the EOS of the neutron star curst and the lower
density region of the core[41], where the MSL interac-
tion involves parameters related to the properties at
saturation nuclear density. For each value of L, the
magnitude of the symmetry energy at saturation den-
sity is adjusted so that the EOS fits the most recent
calculations of the EOS of PNMEY ™ a5 detailed in
Ref. [73]. Furthermore, the EOS of symmetric nuclear
matter Egny is fixed with an incompressibility modu-
lus of Ko =240 MeV!?* ™,

The EOS of the neutron star matters adopted in
this work is built as the follows. At density below
300 MeV-fm ™3, the EOS is obtained from the (MSL)
model. At high densities, it is expected that the de-
scription of the matter in terms of just neutrons and
protons will be broken down, as the exact composition
of the inner core is still uncertain. Taking account
of our lacking knowledge in this regime, and also to
ensure that our complete EOS can support a 2Mg
neutron star as demanded by observations[mqs}, we
smoothly join the MSL EOS to two polytropic EOSs
of the form P = Ke**'/™) in a similar way to Ref.
[30]. The joins are made at energy densities of 300
and 600 MeV-fm~3 by adjusting the constant K to
keep the pressure continuous at the join. The lower
density polytrope has an index set at n = 0.5, while

the second index takes a range n =0.5~ 1.5 for values
of L from 25~ 105 MeV respectively. More details of
the description of the EOS adopted in this work please
refer Refs. [22, 73].

4 Results and discussion

In this section, we present our numerical results
and discussions. Shown in Fig. 1 are the mass-pc (cen-
tral density) relations and mass-radius relations for the
static spherically symmetric neutron stars. In the left
panel, the rest masses are also plotted, where the rest
mass is the mass of all the stellar baryons dispersed at
rest at infinity (sometimes also called baryon mass[m])
which is held fixed in the evolutionary sequences for an
isolated neutron star as the electromagnetic or gravi-
tational radiation must conserve its total baryon num-
ber and thus its rest mass. It is worth noting that for
a static neutron star, the difference between the rest
mass and the gravitational mass AM (= M,—M) repre-
sents the total binding energy, which not only includes
the gravitational potential energy, but also contains

)

the work needed to overcome the Fermi pressure and
the resistance to compression of supra-dense matters,
that is, AM is the net energy to assemble the nucleons
from infinity to form an equilibrium neutron star. A
roughly estimation shows that the pure gravitational
potential energy Eg per nucleon is about one and half
761 1t is
easy to understand that a larger AM corresponds with

times of the binding energy per nucleon Ep

a tightly bound star and can support a faster spin fre-
quency, which can be confirmed in the right panel of
Fig. 2. One can find in the left panel of Fig. 1 that the
higher stellar mass corresponds with a larger AM and
thus a larger binding energy Ep. It is shown in Fig.
1 that for a softer SES, the neutron star is stronger
bound (namely a larger AM, see the Fig. 1(a)) and
thus has a smaller radius (Fig. 1(b)). To be more quan-
titative and make it easier to compare with future stud-
ies, we list the rest mass M, and the binding energy per
nucleon Eg of two typical neutron stars (M =1.4Mg
and M =2.0Mg) for different symmetry energy slopes
in Table 1. As the radius of neutron star is mainly de-
termined by the pressure near the nuclear saturation
4641 and thus mainly determined by the SES,
we can conclude that the mass-radius relation of the

density

static neutron star should be constrained in a region
between the lines of L =25 MeV and L =105 MeV in
the right panel of Fig. 1. For example, the radius of
a 1.4Mg neutron star should be constrained in a re-
gion of 10.28 ~ 13.43 km, which is consistent with one
of the latest observational constraints on the radius of

neutron star: 10.4~12.9 km[77]. If we take a more nar-
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row constraint of the slope such as 43 < L < 52 MeVm,
the radius of a 1.4M¢ neutron star should be around
11.5 km. Moreover, if we adopt the community average
L ~ 60 MeV based on the recent slope constraint[48],

the radius of a 1.4My neutron star should be about
12.3 km.

MM,
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Fig. 1 (color online) (a) The masses of the static

neutron stars as a function of the central den-
sities, where M is the gravitational mass (solid
lines), and M, is the rest mass (dashed lines).
Here and in the following figures, the numbers
marked beside the lines are the SES values of
the corresponding EOSs. (b) The mass-radius
relations for the static spherically symmetric
neutron stars.

Table 1 The rest mass M, and the binding energy per nu-
cleon Eg of two typical neutron stars (M =1.4Mg
and M =2.0Mp) for L =25, 65 and 105 MeV, re-

spectively.

L/MeV M/Mg M. /Mo Ep/MeV
25 1.4 2.0 1.58 2.44 107 169
65 1.4 2.0 1.54 2.32 85 130
105 1.4 2.0 1.52 2.29 74 119

The mass-radius relations of the Keplerian rotat-
ing neutron stars and the corresponding Keplerian fre-
quency are plotted in Fig. 2. As we know, most of the
observed neutron stars have far slower spin frequencies
than their Keplerian frequencies, so the mass-radius re-

lations of the slowly rotating stars should be located
in the static region (among the solid lines in the Fig.
2(a)). According to the observed fastest rotating neu-
tron star J1748—2446ad (with spin frequency 716 Hz
~ 4500 rad/s)[s’g}, it is shown from the Fig. 2(b) that
a lighter neutron star ( <1.2Mg) with a stiff SES (~
105 MeV) will be ruled out, otherwise the matter at
the equator will be thrown away. Simultaneously, if
a more rapidly rotating neutron star is observed, for
example, if the sub-millisecond pulsar XTE J1739-285
(with spin frequency 1122 Hz)[go] is confirmed in the
future, then either a soft symmetry energy slop for the
asymmetric nuclear matters or a heavier stellar mass
for the pulsar XTE J1739-285 is preferred.
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Fig. 2 (color online) (a) The mass-radius relations

of the static (solid lines) and the Keplerian
rotating neutron stars (dashed lines), where the
radius of the Keplerian rotating neutron star is
its radius at equator. (b) Keplerian frequency as
a function of the neutron star mass.

As we know, the moment of inertia of neutron
star is a crucial quantity in understanding the global
stellar properties and probing the gravitational radia-
tions. But still now an accurate measurement for the
moments of inertia of neutron star, which can place
important constraints on the radius and thus on the
EOQOS, is still unavailable. Therefore, it is interesting
to investigate the constraint on the moments of iner-
tia from the EOS restricted by the terrestrial nuclear
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experiments, which may provide a useful reference in
the future neutron star observations. Shown in Fig. 3
are the moments of inertia of the slowly rotating and
Keplerian rotating neutron stars (Fig. 3(a)) and the
angular momentum of the Keplerian rotating neutron
stars (Fig. 3(b)). It is obviously that for a normal pul-
sar with a spin period slower than about 10 ms (which
can be looked on as slowly rotating), its moment of in-
ertia should be constrained between the two solid lines
marked as 25 and 105 in the left panel, while for a rapid
rotating neutron star, its moment of inertia should be
located in the shadow region. Recently, there are a few
important works focused on the universal relations be-
tween the global properties, such as the moment of
inertia, the Love number and the quadrupole moment,
which are independent of EOS. These universal rela-
tions are essential in understanding the neutron star
global properties even the EOS of the dense matters is
not known very welll ™ Here we also find an inter-
esting universal property: the angular momenta of all
the Keplerian rotating neutron stars present a perfect
universal property which is not affected by the EOSs,
as showing in the right panel. This property provides
a constraint between the Keplerian frequency and the

--- [\'epleri -
Slow ratation

1/(10* kg'm®)

-

J 1 (GMYe)

in

M/ M

Fig. 3 (color online) (a) The moments of inertia as
a function of the mass of the slowly rotating
(solid lines) and Keplerian rotating (dashed lines)
neutron stars. (b) The angular momentum of

the Keplerian rotating neutron stars.

moment of inertia. For example, for a rapid rotat-
ing neutron star, if its stellar mass is determined accu-
rately, according to J = I{2, one can give a upper limit
of the moment of inertia of this neutron star based on
the universal property.

In what follows we present two global properties
of the Keplerian rotating neutron star: the ratio of ro-
tational energy to gravitational energy T/W and the
ration of polar radius to equatorial radius Rp,/Re, as
shown in Fig. 4. Obviously, as most of the pulsars are
spinning far slower than their Keplerian frequencies,
so a real pulsar normally can not reach so larger ra-
tio as shown in the figure. However, these two ratios
at Keplerian frequencies still have theoretical signifi-
cance, such as T/W provides a criterion to determine
the gravitational-radiation instability[57], and Rp/Re
gives a parameter to restrict the maximum deforma-
tion. It is shown that a higher stellar mass or a softer
SES can support a larger T/W, thus a faster spin fre-
quency, which is consistent with what shows in the
right panel in Fig. 2. It is interesting to note that
the largest theoretical allowed deformation is not hap-
pened at the maximum stellar mass, but at a mass
slightly lighter than the maximum mass, as shown in
the right panel in Fig. 4. This result may be qualita-
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0.62
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Fig. 4 (color online) (a) The ratio of rotational energy
to gravitational energy. (b) The ratio of polar
radius to equatorial radius. Both of them are at
Keplerian frequencies.
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tively explained by the mass-radius relation of the Ke-
plerian rotating stars as shown in Fig. 2, that is, at
the maximum mass end, the radius decreases rapidly
and it is hard to deform a neutron star with smaller
size but with a higher mass, even rotating at a faster
Keplerian frequency.

Another interesting quantity of neutron star is
the redshift, which is observable and can provide
available information on the stellar radius®. Tt is
shown in Fig. 5 that excepting the super massive re-
gion the static star and the Keplerian rotating star
have a similar redshift at a fixed stellar mass. Ap-
proximately, according to the definition of the redshift
z=[1—(2M/R)]~'/2—1 for the static field, one can see
that the polar radius of a Keperian rotating neutron
star has a similar radius with that of the corresponding
static star. This point can also be confirmed by the
left panel of Fig. 4. And combining these two figures,
we also can qualitatively explain why the static super
massive neutron star has a higher redshift than that
of the corresponding Keplerian rotating star: it is be-
cause that the massive star can support a larger defor-
mation, and a smaller polar radius causes a higher red-
shift. According to the observational result z = 0.35 for
low-mass X-ray binary EX00748-676*" it is shown in
Fig. 5 that if the observed radiation is from the polar
region, thus the neutron star EXO0748-676 will have
a stellar mass at least higher than 1.5My. As the neu-
tron star EXO0748-676 is spinning rapidly (with spin

[82] ), if the radiation is from the equa-

frequency 552 Hz
tor, the situation will become more complicated and

will not be discussed here.

1.2

1 0 b — Static 4

- - --Kepler

0.8
& 06
0.4

0.2

0.5 10 5 2.0 25
MIMg

Fig. 5 (color online) The Polar redshift as a function

of the stellar mass for static and Keplerian
rotating neutron stars, respectively.

5 Conclusions

By making use of a conservative SES constraint,
the constraints from the SES on the stellar proper-
ties, such as the mass-radius relations, the moments

of inertia, the redshift, the deformations of the rapid
rotating stars, etc., for the static neutron stars and the
rapid rotating neutron stars are investigated and dis-
cussed. According to the conservative SES constraint,
our calculation shows that the radius of a canonical
neutron star (with M = 1.4Mg) can be constrained
in a region of 10.28 ~ 13.43 km, which is consistent
with the latest constraint on the radius of neutron star
in observations"). The results also shows that for a
softer SES, the neutron star with a fixed stellar mass
is stronger bound and thus can support a faster Keple-
rian frequency. The quantitative data of the rest mass
M, and the binding energy per nucleon Eg for two typ-
ical neutron stars ( M =1.4Mg and M =2.0M) with
different symmetry energy slopes are listed in Table 1.
It is also shown that if a sub-millisecond pulsar with
a lighter stellar mass is observed in the future, then a
softer SES of the asymmetric nuclear matters can be
concluded. The universal property of the angular mo-
mentum provides a way to obtain the upper limit of
the moment of inertia of a rapid rotating neutron star
with observed mass. In addition, our results also can
provide a constraint on the lower mass limit of pulsar
in low-mass X-ray binary EXO0748-676 if the observed
redshift of this star is from the polar direction.
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