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Structure of Nonlocal Quark Vacuum Condensate
in Non-perturbative QCD Vacuum
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Abstract: Based on the Dyson-Schwinger Equations (DSEs) with the rainbow truncation, and Op-
erator Product Expansion, the structure of nonlocal quark vacuum condensate in QCD, described by
quark self-energy functions A; and By given usually by the solutions of the DSEs of quark propagator,
is predicted numerically. We also calculate the local quark vacuum condensate, quark-gluon mixed
local vacuum condensate, and quark virtuality. The self-energy functions Ay and By are given by
the parameterized quark propagator functions o (p?) and o (p?) of Roberts and Williams, instead of
the numerical solutions of the DSEs. Our calculated results are in reasonable agreement with those
of QCD sum rules, Lattice QCD calculations, and instanton model predictions, although the result-
ing local quark vacuum condensate for light quarks, u, d, s, are a little bit larger than those of the
above theoretical predictions. We think the differences are caused by model dependence. The larger of
strange quark vacuum condensate than u, d quark is due to the s quark mass which is more larger than

u, d quark masses. Of course, the Roberts-Williams parameterized quark propagator is an empirical

formulism, which approximately describes quark propagation.
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1 DSEs for fully dressed quark
propagator in QCD Vacuum

The Dyson-Schwinger Equations(DSEs) are a
nonperturbative means of analyzing a quantum field
theory. Derived from a theory’s Euclidean space gen-
erating functional, they are an enumerable infinity of
coupled integral equations whose solutions are the n-
point Euclidean Green functions, which are the same
matrix elements estimated in numerical simulations

of lattice-QCD. In theories with elementary fermions,
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the simplest of the DSEs is the gap equation, which
is basic to studying dynamical symmetry breaking
in systems. Its solution is a 2-point function, that
is, the fermion propagator while its kernel involves
higher n-point functions.

The 2-point Green function, quark propagator,
is usually given by the solutions of DSEs at zero tem-
perature T' = 0 under rainbow truncation I'V = ~".
An important observation is that the general form of

the inverse quark propagator S]?l(pQ) can be rewrit-
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in a covariant gauge, with y = v#p,. The propaga-
tor is renormalized at space-like point ,u?, according
to Ay(up) =1 and By(up) = my(py) with my (1)
being the current quark mass whose value is empir-
ically about m,,q >~ 5.1 MeV for u, d quarks, and
ms =127.5 MeV for s quark.

Except for the current quark mass and pertur-
bation corrections, the functions Af(p®) and By (p?)
are non-perturbative quantities, and satisfy the new

set of DSEs in the Feynman gauge[l_Q].
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Where G(p—q) is the gluon fully dressed propagator
for which we know nothing since non-perturbative
effect in QCD. Therefore, the numerical solutions of
the DSEs are dependent on gluon propagator and

truncation models.

d4p
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2 Non-perturbative QCD vacuum
state: quark condensates

Quark vacuum condensate is very important
property of nonperturbative QCD vacuum state
since QCD vacuum is densely populated by long-
The

order parameters of this complicated state are char-

wave fluctuations of gluon and quark fields.

acterized by the vacuum matrix elements of various
singlet combinations of gluon and quark fields. Vac-
uum condensates (0 |: ¢(0)q(0) :| 0), (0]: G}, Gu 1| 0),
(0]: @(0)[igsG%, 0y %-1g(0) 2| 0). the nonzero quark
vacuum condensate (0 |: g(0)g(0) :| 0) is responsible
for the spontaneous breakdown of chiral symmetry.
Nonlocality of the quark condensate is characterized
by the vacuum Virtuality[Q], A2 =1(0]:gD%q:|0)/(0:
qq :| 0), where D, = 0, —igsAj,\"/2 is a covariant
derivative with Aj; being gluon field. All of the above
physical quantities are important and fundamental

properties of QCD vacuum state.

2.1 Structure of nonlocal quark vacuum

condensate and local quark vacuum
condensate in DSEs

Upon on Ref. [3], One knows that the structure
of the nonlocal quark vacuum condensate in nonpe-

rurbative QCD vacuum can be written as

By (s) 2J1(V'sx?)

(0 |: () (0) | 0) = <—4Nc>j

where the color number N, = 3. Using the definitions

of the quark vacuum condensates given by us[g}, one

finds that the local quark vacuum condensate (x =0)
is
sBy(s)
sA3(s)+Bi(s) ’

3 (%
— W J'O ds
(5)

while the local quark-gluon mixed vacuum conden-
sate, (0]:q(0)[igsG(0)o]q(0):] 0) s is
(01:4(0) [igsG(0)o]q(0) :| 0) =

_iJ'SO dss?——2S\°7
812 |, sA%(s)+B3(s)

(0]:q(0)q(0):|0)y =

(2m)* p2A%(p?)+ B3

W) i f S48 A2(5) + B2(s)
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Eq. (6) is an important quantity in describing quark
virtuality. On principle, solving the DSEs of Egs.
(2~3) with the gluon propagator, we can obtain the
solutions Ay and By, in QCD vacuum state. But
since we really know nothing about gluon propaga-
tor at the present and have to truncate the DSEs
when we solve the infinite coupled equation, the nu-
merical solutions of the DSEs are still approximate

answers to real reality.

2.2 Roberts and Williams parameterized
quark fully dressed propagator

The DSEs can not be solved rigorously due to
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the unknowing gluon propagator and the infinite se-
ries of DSEs itself, and have to do truncation as well
as to solve Bethe-Salpeter Equations for getting the
vertex T'”. Roberts and Williams!® have proposed
a parameterized quark propagator Sy using ol and

of which have used extensively in the literatures.

f
Af(p?) = 7o .M
T el il ]
o 1
By(p )—05 [p2(05/05)2+1] (8)

where o] = 6{//1, and o] = 65//12 .

pressed in terms of the following forms

They are ex-

{1 - exp(—b{x)] ' {1 - exp(—bgaz)}

gi(x) = X
() b{x b?{:c
1—exp(—A'z
bl 40 LR |
) 1—exp{—2(x+mf)}
my ZE—F’I’TLZ ) (9)
f
2(x+m?)—1+exp[—2(x+mfc)}
65('%): —5\2 : (10)
2(z+m?)
Where m; = mys/A, . = p*/A%, A/ =107 . A=

0.566 GeV. The parameters b{ (i=0,1, 2, 3) and
my (f =u, d, s) are listed in Table 1.

Table 1 Parameters bf and my (MeV) of the

light quarks: u, d and s,

flavor  bf b b) b) my/MeV
u 0131 290 0603 0.185 5.1
d 0131 290  0.603 0.185 5.1
s 0105 290 0740  0.185 127.5

To overcome the difficulty of solving DSEs, we
use Roberts-Williams parameterized quark propaga-
tor to predict the structure of nonlocal quark vac-
uum condensate, (0 |: g(z)g(0) :| 0) , and calculate
local quark vacuum condensate (0 |: g(0)g(0) :| 0),
quark-gluon mixed local vacuum condensate (0 |:
q(0)[igsGa]q(0) :| 0) as well as quark virtuality for
the light quarks. The propagator of the Roberts-
Williams formulism has no Lehmann representation

and hence there are no quark production thresholds

in any calculations of observable. The absence of
such thresholds admits the interpretation that the
Roberts-Williams quark propagator describes the
propagator of a confined quark. We present our the-

oretical predictions in the Sect. 3.

3 Local quark vacuum condensate
and structure of nonlocal con-
densate of light quarks

We put the Roberts-Williams parameterized
functions Ay and By of Eq. (7) and Eq. (8) into
Eq. (4) and Egs. (5~6) with formulae in Egs. (9~10)
and parameters given in Table 1, to obtain nonlocal
quark vacuum condensate structure function, local
quark vacuum condensate and quark-gluon mixed
vacuum condensate in Egs. (4~6). With the up limit
of the integration over s is taken to be 10 GeV?, the
calculating results are given in Table 2 and Fig. 1 in
the following subsections 3.1, and 3.2.

3.1 Local quark vacuum condensate and
quark gluon mixed vacuum condensate

According to Egs. (4~6), the local quark vac-
uum condensate and quark-gluon mixed vacuum con-
densate are numerically produced and are given in
Table 2.

Table 2 Local quark condensate and local
quark-gluon mixed condensates in QCD
vacuum state.

quarks  (0[:g(0)q(0):| 0) (01]:q(0)[igsG(0)a]q(0) :| 0)
u, d —0.0464 GeV?3 —0.0875 GeV?®
s —0.1443 GeV3 —0.3310 GeV?®

Using the calculated results given in Table. 2,
we also predict the quark virtuality )\2 = %(0 |:
4(0)[ig.G(0)alq(0) :| 0)/(0 |: G(0)q(0) :| 0) as men-
tioned before[?’], which describes mean squared mo-
mentum of quark in QCD vacuum state. The pre-

dicted results are
A% 4=0.9430 GeV?, A2 =1.1469 GeV® . (11)

All predicted values for the )\3 are in reasonable
(5]

agreement with the other calculations'™. For exam-
ple, the acceptable value of )\i’d is in the range of

0.4 ~ 1.0 GeV2P~8 and the standard QCD sum
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rule’s estimation gives /\ﬁ)d = (0440.1) GeV2H T,

The prediction of Lattice QCD gives A2 = 2.50

GeV? [8], the instanton model calculation produces

A2 =1.40 GeV? Ol Our A2 is consistent with those

in Refs. [8-9].

3.2 Structure of nonlocal quark vacuum
condensate in nonperturbative QCD

Substituting Egs. (7~8) into Egs. (4~6) and us-
ing of the parameters in Table 1 appearing in Egs.
(9~10), we carry out the integration Eq. (4~6) over
p?, (s = p?), and obtain the structure of nonlocal
quark vacuum condensate function. The theoretical

predictions are shown in Fig. 1.
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Fig. 1 The structure of the nonlocal quark vacuum
condensate in non-perturbative QCD vacuum.
Dashed curve denotes the strange quark structure

function, while solid curve represents structure

function of u and d quarks.

The dashed curve denotes the structure of
strange quark nonlocal vacuum condensate, while
solid line stands for u, d quark vacuum condensate
structure function.

As is seen from Fig. 1, the structures of light
quark u, d and s have the same behavior and simul-
taneously arrive at zero point, although the magni-
tude of s quark condensate is larger than those of
u, d quark. The reason of large value of s quark is
that it’s mass is more larger than u, d quark mass
(ms~ 117 MeV, and my q~3 to 5 MeV).

4 Summary and concluding re-
marks
Based on the DSEs for quark propagator, which

determine the structure function of nonlocal quark

vacuum condensate, local quark-wac¢uum condensate

and local quark-gluon mixed vacuum condensate, we
predicted the structure of the nonlocal quark vacuum
condensate, and calculated the local quark vacuum
condensate as well as quark virtuality, using Roberts-
Williams parameterized quark propagator of quark.
We obtained these nonperturbative QCD properties
of quarks which are very important for studying
QCD vacuum dynamics. Our predicted results are
in reasonable agreement with other calculations[&g},
although our predictions are a little bit larger than
the others in magnitude.

The propagator of the Roberts-Williams for-
mulism has no Lehmann representation and hence
there are no quark production thresholds in any cal-
culations of observable. The absence of such thresh-
olds admits the interpretation that the Roberts-
Williams quark propagator describes the propagator
of a confined quark. The results evidently show that
the Roberts-Williams propagator is useful approxi-
mation in practise, which produced a good virtual-
ity of quark and behavior of nonlocal quark vacuum
condensate in QCD vacuum state. The properties of
QCD vacuum state are naturally predicted, if even

it is parameterized form.
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