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Abstract:Withanoscillatorbasis,thenuclearHamiltonianisdefinedinano灢coremodelspace.It
consistsofaneffectivenucleon灢nucleoninteractionobtainedwithBruecknertheoryfromtheReid
softcoreinteraction,aCoulombpotential,nucleon灢deltatransitionpotentials,anddelta灢deltain灢
teractionterms.ByperformingsphericalHartree灢Fock (SHF)calculations withtherealistic
baryonHamiltonian,thegroundstatepropertiesof40Caarestudied.Foranestimateofhowthe
deltadegreeoffreedomisexcited,SHFcalculationsareperformedwitharadialconstrainttocom灢
pressthenucleus.Thedeltadegreeoffreedomisgraduallypopulatedasthenucleusiscom灢
pressed.Thenumberof殼暞sisdecreasedbyincreasingmodelspace.Largeamountofthecom灢
pressiveenergyisdeliveredtocreatemassive殼inthenucleus.Thereisasignificantreductionin
thestaticcompressionmodulusforRSCstaticcompressionswhichisreducedbyincludingthe殼
excitations.Thestaticcompressionmodulusisdecreasedsignificantlybyenlargingthenucleon
modelspace.Theresultssuggestthatinclusionofthedeltainthenucleardynamicscouldheadto
asignificantsofteningofthenuclearequationofstate.
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1暋Introduction
Thenucleusisconsideredasacollectionofnu灢

cleon(N)anddelta(殼)resonancesinteractingvia
realisticeffective(N灢殼)interactionsinalargebut
finitemodelspace.Theeffectofincludingthe殼
resonancesontheHartee灢Fockenergy (EHF),殼灢
orbitaloccupations,andradialdensitydistribution
isinvestigatedunderlargeamplitudestatecom灢
pressionattemperatureT=0.

Inourearlierwork,theexcitationof殼灢degree
offreedomin40Canucleusinconstrainedspherical
Hartree灢Fock(CSHF)wasinvestigated[1].InRef.
[1],thegroundstatepropertiesof40Canucleus
wasexaminedinsmallmodelspacethatconsisted

fromasixmajoroscillatorshellsforNandasix
orbitalsfor殼.Thegoalofthisworkisreexamined
thesepropertiesof 40Canucleusinlarge model
spacethatconsistsofnineoscillatorshellsforN
andtenorbitalsfor殼.

Theexcitationof殼isobarsisveryimportant
tounderstandstructureofnucleiatintermediate
andhighenergies.Itformsvariousprobestopro灢
videanexcitingchallengeboththeoreticallyand
experimentally,especiallyinthesearchforcon灢
structive,coherentpion production[2-3].The 殼
excitationanditsdecaytonucleonandtopionsare
ofcurrentinterestforunderstandingcollisionof
lightandheavyions[4-9].

Thispaperisorganizedasfollows:Sec.2
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specifiesthedefinitionofthenuclearHamiltonian.
TheeffectiveHamiltonianusedinthecalculationis
displayedinSec.3.Thecalculationprocedureand
strategyareoutlinedinSec.4.Resultsanddiscus灢
sionsarepresentedinSec.5.Conclusionswillbe
presentedinSec.6.

2暋DefinitionoftheNuclearHamiltio灢
nian
ThenuclearHamiltonianthatiscoupledchan灢

nelsfromapurenucleon灢nucleon(N灢N)sector,a
nucleon灢delta(N灢殼),a殼灢nucleon (殼灢N)sector,

anda(殼灢殼)sectoris
H=T-Tc.m.+VBB曚 +VC, (1)

whereTisaone灢bodykineticenergyterm,Tc.m.is

thecenterofmasskineticenergy,VBB曚thestrong
interactionbetweenthebaryonsandVCisCoulomb
interaction.Thenucleonmassism,thedeltamass
isMandthespeedoflightc=1.

WedefinerelativekineticenergyTrelas:

Trel=T-Tc.m.=
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whereMAisthetotalmassofnucleus,MA=mA,

piisthesingleparticlemomentumoperatorand氂氂
op

issingleparticleisospinprojectionoperator.

氂氂
op旤氂曚暤=毮氂氂曚旤氂曚暤, (5)
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op 暤=1, (6)

thefullHamiltonianofthesystemcanbewritten
astheone灢bodyandtwo灢bodypartsasfollows:

Heff=H1(one灢body)+H2(two灢body), (7)

where
H1(one灢body)=暋暋暋暋暋暋暋暋暋暋暋暋
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and
H2(two灢body)=Trel(m)+VBB曚

eff +VC. (9)

暋暋H1arisesduetothepresenceofthe殼暞s.It
consistsofamasscorrectionandakineticenergy
termforthedeltaparticlesmultipliedbyanegative
factor.Thesetermsgivenon灢zerocontributionin
殼灢sectoronly,sinceprojectionoperator氂3/2

op works
inthespace氂3/2only.

H2istheeffectivebaryon灢baryoninteraction
thatconsistsoftheeffectiveN灢Ninteractionthat
wasrepresentedbyReidsoftcore (RSC)poten灢
tial[10] plus the transition potentials among
baryons,whicharegenerallylabeledbyVB1B2炣B曚1B曚2毿,氀 ,

whereB1B2 representinitialbaryonsand B曚
1B曚

2

representfinalbaryons[11].Theallowedexchanged
mesonsare毿灢and氀灢mesononly.Othermesonsdo
notcontributesincetheycannotchangethespin
andisospinofanucleontothevalueof3/2forthe
殼isobar.

Theeffectivetwo灢baryoninteractionis

VBB曚
eff =VNN炣NN

eff +VNN炣N殼
毿,氀 +VNN炣殼殼

毿,氀 +暋暋暋暋暋暋
暋VN殼炣N殼

毿,氀 +VN殼炣殼N
毿,氀 +VN殼炣殼殼

毿,氀 +V殼殼炣殼殼
毿,氀 .(10)

Theexplicitformoftheresonancepartofthetran灢
sitionpotentialreadas:
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whereB毩,…,B曚
毬 denotenucleonordeltareso灢

nances,thefunctionVc,VT,andVsarethecen灢
tral,tensor,andspinpartpotentialsrespectively.
FormoredetailseeRef.[1].

TheCoulombterm,VC,istakentobethe
averageCoulombpotentialenergyperprotonand
殼+inauniformlychargedsphere
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whereZisatomicnumberofnucleus,Z-2/3termis
theexchangecontributionandtheZ-1termsub灢
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tractstheinteractionoftheprotonwithitselfand
殼+ .

3暋EffectiveHamiltonain

Byapplyingthevariationprinciple,Hartree灢
Fockequationfornucleonanddeltaorbitalscanbe
derivedfrom theeffective Hamiltonian withthe
chosenmodelspace[1].

Incalculations,no灢coreoscillatormodelspace
thatincludes9majoroscillatorshellswasused.In
the9shells,37nucleonorbitalswereused:0s1/2,

0p3/2,0p1/2,0d5/2,1s1/2,0d3/2,0f7/2,1p3/2,

0f5/2,1p1/2,0g9/2,1g7/2,1d5/2,1d3/2,2s1/2,

0h11/2,0h9/2,1f7/2,1f5/2,2p3/2,2p1/2,0i13/2,

1g9/2,2d5/2,0i11/2,1g7/2,3s1/2,2d3/2,0j15/2,

0j13/2,1h11/2,1h9/2,2f7/2,2f5/2,3p3/2,3p1/2,

0k17/2 andforthedeltastates,10deltaorbitals
wereused:0p3/2,0p1/2,0d5/2,0d3/2,0f7/2,0f5/2,

1p3/2,1p1/2,0g9/2,0g7/2.Atotalof47baryonor灢
bitalswereincluded.

ThematrixelementsoftheeffectiveHamilto灢
nianhadbeencalculatedusingtheBruecknerG灢
matrix method[12].TheeffectiveN灢Ninteraction
wasthesum oftheBruecknerG灢matrixandthe
lowestorderfolddiagramactingbetweenpairsof
nucleonsinano灢coremodelspace[13-14].RSCpo灢
tentialfortheN灢Ninteractionwasadopted.Toap灢
proximatetheN灢Ninteractionterm ofHeff,the
BruecknerG灢matrixinanoscillatorbasisconsisting
ofthelowest9oscillatorshellsusingthemethods
ofRefs.[13-15]issolved.Therefore,working
inano灢corebasisspace,淈氊 =14MeV,and氊=9
MeVisused.ThelowestorderN灢Nfoldeddia灢
grambasedonthisG灢matrixasdescribedinRefs.
[13-15]isadded.Thisgreatlyreducesthe氊灢de灢
pendenceoftheN灢NcontributiontoHeff.Inprin灢
ciple,ifallfoldeddiagramtoallorderswasincor灢
porated,this氊灢dependence wouldbeeliminated
complexly[16-18].

4暋CalculationProcedureandStrategy

Theusedstrategyisthesameasintheearlier

studies[1,19-22].Itissummarized asfollowing:

First,theeffectiveHamiltonianinthenucleonsec灢
toronlyisconsidered(i.e.byturningoffthe(N灢
殼)interaction).Thisisfollowedbycalculatingthe
groundstatepropertiesinthesphericalHartree灢
Fock (SHF)approximation (i.e.Hartree灢Fock
energy,EHF,andtheroot meansquareradius
(rrms))byadjustingthestrengthofthekineticand
potentialfactorsin Heff untilagreementbetween
SHFresults,theexperimentalbindingenergyand
experimentalradiusatequilibrium areobtained.
Theadjustingparameters毸1and毸2areintroduced
toadjustthematrixelementsofTrefandVeff,re灢
spectively.Sincethetwo灢bodymatrixelementsare
evaluatedwithanoscillatorenergyspacing淈氊=14
MeV,thesematrixelementsarethenscaledtothe
newoscillatorbasischaracterizedbyanewvalueof
淈氊曚asdescribedbyRefs.[13-14,23].Second,

theN灢殼and殼灢Ninteractionsareactivated.The
adjustingparametersand淈氊曚for40Canucleusina
givenmodelspaceatequilibrium withthe殼chan灢
nelturnedoffareobtainedinTable1.Thebinding
energy(pointmassrrms)thatwasfittedwas-342
MeV (3.46fm)for40Ca.Third,theN灢殼and殼灢N
interactionsareturnedoffandaradialconstraint
-毬r2isutilizedtoincludethestaticcompression.
Whereristheone灢bodyscalarradiusoperator.
Fourth,theN灢殼and殼灢Ninteractionsareactivated
andagain,theradialconstraint-毬r2isappliedand
thedifferenceinEHFfromthethirdstepandcur灢
rentstepasafunctionofrrmsisobserved.

Table1暋Adjustingparameters毸1,毸2,and淈氊曚ofeffective

Hamiltonianfor40Caforthemodelspaceofnine

oscillatorshellsforwhichthecalculations

wereperformed

Nucleus40Ca 毸1 毸2 淈氊曚/MeV

(9shell) 0.999 1.093 11.700

5暋ResultsandDiscussion

Inthepreviousstudies[1,24-26],thefollowing
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quantities:The Hartree灢Fock energy,theroot
meansquareradius,thenumberofdeltaparticles
intheoccupiedorbitals,theradialdensitydistribu灢
tion,thesingle灢particleenergies,andtheoccupa灢
tionprobabilityofthesingle灢particleorbitalswere
calculatedinthecaseofsmallmodelspace.Inthis
work,moredetailedresultsfor40Canucleusare
presentedinordertoexamineitspropertiesunder
staticcompressioninalargermodelspaceconsis灢
tingofninemajoroscillatorshells(excluding杮>
5)fornucleonsandtenorbitalsfor殼暞smakinga
totalof47baryonsorbitals.

The Hartree灢Fock energies EHF versusrrms

usingRSC potentialaredisplayedin Fig.1for
40Ca.Thesolidlinerepresentstheresultsofcalcu灢
lationperformedinthenucleon灢onlysectorandthe
dashedlinerepresentstheresultsobtained when
the殼暞sareaddedinthetenorbitals:0p3/2,0p1/2,

0d5/2,0d3/2,0f7/2,0f5/2,1p3/2,1p1/2,0g9/2,

0g7/2.Notethat,intheconstrainedSHF(CSHF)

approximation,thenucleonsanddelta mayonly
mixinthe0p3/2,0p1/2,0d5/2,0d3/2,0f7/2,0f5/2,

1p3/2,1p1/2,0g9/2,and0g7/2states.

Fig.1 CSHFenergyasafunctionofthepointmassrrmsfor
40Caevaluatedin9majoroscillatorshellswith10殼灢

orbitals.

Fig.1clearlyshowsthatthereisvirtuallyno
differenceintheresultswithandwithout殼暞sat
equilibrium.Itisseenthatwithoutthe殼灢degreeof
freedominthesystem,EHFincreasessteeplyto灢
wardszero binding energy undercompression.
Whenthetransitionto殼isallowed,thenucleus
remainsboundasdensityisincreasedto5.26of

normaldensity.Consideringonlythenucleons,

thevolume(basedontherootmeansquareradius)

ofnucleusdecreasesbyabout31%,thebinding
energywillbeabout160.88 MeV withtheinclu灢
sionofthe 殼灢excitations.Inother words,this
showsabout282.96,and122.08 MeVofexcita灢
tionenergytoachievea31% volumereductionin
thenucleon灢onlyresults,andnucleonsand殼+ 暞s
results,respectively.

Itappearsthatfromtheaboveresults,122.08
MeVofexcitationenergyisenoughtoreducethe
volumeby31%andtheenergyby36% more.The
resultsshowthatthereisasignificantreductionin
thestaticcompression modulusfor RSC static
compressionswhichisreducedbyincludingthe殼
excitations.Theconsequenceofthisreductionisa
softeningofthenuclearequationofstateatlarger
compression.Toseetheroleof殼indetermining
theequationofstate,Fig.1showsthedependence
oftheEHFonthecompressioncharacterizedbythe
rrms.Itcanbeseenthatnearequilibrium (rrms=
3.46fm)allcurvesagree.Also,theinclusionof殼
orbitalstendstodecreaseofEHF forcompressed
nuclei.Theroleofthe殼暞sislesssignificantasthe
rrmsapproachesthegroundstatevalue.

Fig.1showsthatasthestaticloadforcein灢
creases,thecompressionofnucleuswithnucleons
onlyislessthantheothernucleuswithnucleons
and殼暞s.

ThedifferencebetweentheresultsoftheHar灢
tree灢Fockbindingenergyobtainedinthisworkand
thosein Refs.[1,24-26]is the size of the
nucleonmodelspace,thenumberofthe殼orbitals
included,differentpotentialsand morecompres灢
sion,andalsoitisworthmentioningthatatequi灢
librium (noconstraint)in40Ca,itwasnotfound
any mixing between nucleon statesandthe 殼
states.AssameasinRefs.[1,24-26],allcurves
ofEHFagreenearequilibrium (rrms =3.46fm).
Thisimpliesthattheresultsforthesystem at
equilibriumdon暞tdependonmodelspace.Incom灢
parisonwiththeresultsinpreviousstudies[1,24-26],
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currentresultsareconsistentwiththeresultsob灢
tainedfor40CaforEHF.TheresultsoftheHartree灢
Fockenergywithoutcomparisonandthebehavior
ofcurvesfornucleonsonlyandnucleons+殼暞sare
thesameforboththesixandnineshells[1].The
staticcompression modulusisdecreasedsignifi灢
cantlybyenlargeingthenucleonmodelspace.The
currentresultsdisplaymorecompressionthanpre灢
viousstudies[1,24-26].Theresultsshowthatthere
isasignificantreductioninthestaticcompression
modulusforRSCstaticcompressionswhicharere灢
ducedbyincludingthe殼excitations.Theconse灢
quenceofthisreductionisa softening ofthe
nuclearequationofstateatlargercompression.

Inordertoelucidatetheroleofthe殼暞sasa
function of compression,the number of 殼暞s
againstrrmsradiuswasplottedinFig.2.Thetotal
numberof殼暞s,thenumberof殼+ 暞sand殼0暞sare
plottedseparately.

Fig.2 Numberof殼暞sasafunctionofrrmsfor40Cain9ma灢

jorshellsmodelspace.Theuppercurveisforthetotal

numberof殼暞s.Thesoldcurveisforthenumberof

殼+ ,andthedashedcurveisfor殼0.

In Fig.2,the number ofdeltasincreases
rapidlyasvolumedecreases.Whenthenucleus
volumeisreducedtoabout81% ofitsvolumeat
equilibrium,thenumberofdeltasisincreasedto
about5.8%ofallconstituentsof40Ca.Itisinter灢
estingtonoteinFig.2thatthenumberof殼0暞sand

殼+ 暞sarethesame.Thisisduetothefactthatthe
numberofneutronsisequaltothenumberofpro灢
tonsin40Canucleus.

Althoughthereisarapidriseofthe殼灢popula灢
tionascompressionincreases,thechangeinthe
totalnumberof殼暞sdoesnotexceed0.058in
Fig.2.Isthisareasonableamountof殼popula灢
tion? Toexaminethisissue,itisinterestingto
notethatthereisaconsistencyoftheamountofN灢
殼mixingwiththeamountofexcitationenergyex灢
hibitedwithcompression.Thatis,forexample,

when0.058殼暞sarepresented,theexcitationener灢
gyisintheorderof0.058(M-m)曋17.23MeV.
Thus,onthescaleoftheunperturbedsingle灢parti灢
cle energies (including the rest mass of the
nucleonsanddeltas),asubstantialfractionofthe
compressiveenergyisdelivered,throughtheN灢殼
and 殼灢殼 interactions,to create more massive
baryonsinthelowestenergyconfigurationofthe
nucleus.Byotherwords,thenumberof殼暞scan
beincreasedtoabout2.33atrrms=1.99fm which
correspondsto about 5.26 times the normal
density.

Fig.2showsthatthenumberofcreated殼暞s
increasessharply,when 40Canucleuscompressed
toavolumeofabout0.81ofitsequilibriumsize.
However,atthisnucleardensity,whichis5.26
times the normal density,the percentage of
nucleonsconvertedto 殼isonlyabout5.8% in
40Ca.

Thenumbersof殼+ 暞sand殼0暞sarethesame
forboththesixandnineshellasshowninFig.2in
thepresentworkandRef.[1].Ifonecomparethe
currentresultsofFig.2withFig.8ofRef.[25],

thenthenumberof殼暞sisdecreasedbyincreasing
modelspaceasseenfromTable2.

Table2暋Thenumberof殼暞siscalculatedwithHeff(RSC)

Numberof

殼暞sis0.09

Ref.[25]

(6shells)
Ourresults
(9shells)

rrms/fm 3.26 2.55

Onepotentialconsequenceofthisresultisthat
itcouldrepresentacollectivemechanismfor“Sub灢
threshold暠pion production.Thatis,in “Sub灢
threshold暠pionproductionexperimentsbetween
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collidingnucleiwherethebombardingenergyper
nucleonisbelowthatneededtoproducepionsinN灢
Ncollisions.Ifthecollisionsproduceisothermal
compression,thenthe殼暞sarepopulatedandre灢
laxationcould occurby decay ofthe 殼暞to a
nucleonandapion.Thesecalculationssupporta
collectivemechanismforsubthresholdpionproduc灢
tion.

Intherelativisticheavy灢ioncollisions,thenu灢
cleusthatcan moreeasilypenetratewhenthe殼
degreeoffreedom becomesexplicitisimpliedby
Fig.1.Becauseofthelimitationsofthe model
space,thecalculationsfor higher densitiesare
morespeculative.Neverthelessitcangiveussome
ideaabouthowthe殼populationcanbeincreased
asthenucleusiscompressedtohigherdensities
accessibletorelativisticheavy灢ioncollisions.The
resultsshowninFigs.1and2areconsistentwith
theresultsextractedfrom relativisticheavy灢ions
collisions[6-9].

Fig.3displaystheradialdensitydistributions
ofprotons,neutrons,totalradialdensityatequi灢
librium for 40Castate withoutanycompression
withpointmassradiusrrms= 3.46fminamodel
spaceofninemajoroscillatorshellswith殼excita灢
tionrestrictedtothetenorbitals:0p3/2,0p1/2,
0d5/2,0d3/2,0f7/2,0f5/2,1p3/2,1p1/2,0g9/2,
0g7/2.Itcanbeseenfromthisfigure,thereisnoa
radialdensitydistributionfor殼atthegroundstate
of40Canucleuswithoutanycompression.Thera灢
dialdensitydistributionshaveinverserelationwith
squareoftheradius.

Fig.3 Total氀T,proton氀p (solidline),andneutron氀n

(dashedline)radialdensitydistributionsfor40Caat
equilibriumstatewithoutanycompressioninamodel
spaceofninemajoroscillatorshells.

Fig.4showstheradialdensitydistributionfor
neutrons氀n,protons氀p,deltas氀殼,andtheirsum

氀TTasafunctionoftheradialdistancefromthe
centerofthenucleusatlargecompressionina
modelspaceofninemajoroscillatorshells.The氀殼

isscaledbyafactorof5tomakeitvisibleonthe
samescaleas氀nand氀p.Fromthisfigure,theneu灢
tronradialdensityishigherthantheprotondensity
atallvaluesofr.ThisisduetoCoulombrepulsion
betweentheprotons.The殼灢radialdensitydistri灢
bution,underhighcompression(pointmassrrms=
2.54fm),reachesapeakvalueofabout0.01of
theproton(orneutron)radialdensityatr=2.20
fm.殼灢mixing withthe nucleonsinthe0p3/2,

0p1/2,0d5/2,0d3/2,0f7/2,0f5/2,1p3/2,1p1/2,

0g9/2,and0g7/2 orbitalsoccursandthisexplains
theshapeofthe殼灢radialdistributionpresentedin
Fig.4.

Fig.4 Total氀T,proton氀p(dashedline),neutron氀n(solid

line),anddelta氀殼(dottedline)radialdensitydistribu灢
tionsfor40Caatpointmassrrms=2.54fminamodel

spaceofninemajoroscillatorshells.

Fig.5displaystheradialdensitydistributions
of40Caevaluatedoftheabout0.19reducedvolume
(rrms=1.99fm).Inthiscase,the殼灢radialdensi灢
tydistributionreachesapeakvalueofabout0.26
oftheprotonradialdensity.Thepeakvalueofthe
radialdensitydistributionfor殼appearsatabout2
fmforboththesixandnineshills[1].

ItcanbeseenfromFigs.4and5,ascompres灢
sionincreasesthetotalradialdensityincreasesand
theradialdensitydistributionof殼暞sincreases
sharply,butradialdensityofnucleonsdecreases
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sharply.Thissuggeststhatthelessdenseouter
partofthenucleusinitiallyrespondstotheexter灢
nalloadmorereadilythantheinnerpart.

Fig.5 Total氀T,proton氀p(dashedline),neutron氀n(solid

line),anddelta氀殼(dottedline)radialdensitydistribu灢

tionsfor40Caatpointmassrrms=1.99fminamodel

spaceofninemajoroscillatorshells.

Clearly,thedensityintheinteriorrisesrela灢
tivetotheinteriordensityatequilibrium asone
compressesthenucleus.Thisisincontrasttothe
behavioroftheradialdensityontheouter灢surface,

wheretheradialdensitydistributionishigherat
equilibriumthantheradialdensitywhenthestatic
loadisapplied.

6暋Conclusions

IntheCSHFapproximationthegroundstate

propertiesof40Cahavebeeninvestigatedatequilib灢
riumandunderstaticcompression.Inmodelspace
consistingofnine majoroscillatorshellswith 殼
resonancesofnucleonsrestrictedtoten殼orbitals,

thesensitivityoftheresultstothechoicemodel
spaceisexamined.

The殼degreeoffreedomisgraduallypopula灢
tedasthenucleusiscompressed.Thenumberof
殼暞sisdecreasedbyincreasingmodelspace.Large
amountofthecompressiveenergyisdeliveredto
createmassive殼inthenucleus.Thereisasignifi灢
cantreductioninthestaticcompression modulus
forRSCstaticcompressionswhichisreducedby
includingthe殼excitations.Thestaticcompression
modulusisdecreasedsignificantlybyenlargethe

nucleonmodelspace
Finally,ifthestaticloadforceincreases,then

thecompressionofnucleuswithnucleonsonlyis
lessthanthenucleuswithnucleonsand殼暞s.
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