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Abstract: In is proved that on the local gauge group 7 (M, G (M a compact manifold and G a ma-

wrix Lie group) there does not exist a finite positive invariant measure.
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Since Feynman! introduced path integral into
quantum theories, the path integral ¢ functional in-
tegral) has played an ever-increasing role in the
stiudy of quantum mechanics. especially quantum
field theories (QFT ). In 1960s Faddeev and
Popovi® successfully applied the path integral to
the quantization of non-Abelian gauge theories.
which proves to be difficult in the usual framework
of cancnical guantization. The F-P method itself
has now become a commonly employed technique in
[ield theories. But when applied it to some non-co-
variant gauges, problems may arise. nn one hand.
For example, in the Coulomb gauge, Christ and
Lee-*) lound that the Feynman rule should contain
some additivnal terms which cannot be obtained
through the F-P method., While in the axial gauge
the F-P methed itsell cannor tell us how to correct-
ly treat the pole in the gauge field propagator. On
the other hand, the key point of the F-P method is
constructing a gauge invaniant lunctional of the
gauge potential using the translational invariance
of some measure on the local gauge group. In
mathematics the existence of an invarant measure
is only estabiished for locally compact groups while
the local gauge group Is infinite dimensional and
not locally compact. So here the measure problem
deserve a carelul study. In this paper we prove that

on a general local gauge group % (M. GY(Af a
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compact manifold, &G a mawrix Lie group) there
does not exist a finite translationally invariant posi-
tive measure.

The local gauge group G, =C"(M.G) is en-
dowed with the C™-topology™. Let o ; R — M be
a smooth curve sarsiying ¢ (0Y%0. For any w €

CT (M), @=w e+ ais a smooth curve in the ma-
trix group G. It is easily seen that & (z)7! %
@t} },., belongs to the Lie algabra g of G.For =
E;LH,E,Gg(where { §-+- &1 is a basis of g) we

define F(&)y=exp(— ELIH?) and consider the {ol-

lowing continuous function on C7{M,G):
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Let # be a nonzero linite positive measure on the
Borel g-algebra of G, =C"{M,>). We shall prave
that x cannot be{leflt or right) translationally in-
variant. Suppose it is not the case and px is right
translationally invariant, for example. Then we

have the lollowing eguality (F[e] is g-integrable}:
J’ PutwyFla] = Jc Do) Flaw, |, ¥ o, € &, .
(’:‘ o

(2)
From Eq(1) we have

-  dl ‘
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In Eq{3) we set w, to satisiy the condition &,{0) =
I but arbitary otherwise. From the fact that

%E"@(r) |.=c can take on any value in the Lie algebra

g we have

J_Dpt’w}f(ié(r}“ d%mm.:J\
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Let us consider the function f{a&({¢ }_1‘;1—15(2‘} [P

£) defined on C~ (M ,&) ~ g. This function is mea-
surable(because it is continuous}. We observe that

{m 15 the Lebesgue measure on g

| Prcan| ameer 1 re@eer Qa0 lmu + O
iy £

= J. DF(‘UJJ dm(-‘,:]f(alff]_l dia(f) |r=|l + &)
Cn £ t

= [ Drcor [ ameer£8> = (G| dmctiseey
Gy £ £

(52
which shows that this iterated integral exists.
Then according to Fubini theorem. both of the fol-
lowing two iterated integrals exist and are egual;
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The LHS of Eq(6) is ,u(Gn)J- dm (5) f(€) while the
L}

RHS of Eq{6) is +=o according to Eq{4){we have

D;;(m)f('a?ff)'_I%a(I] }i—o) =0, This s a con-

o

tradiction. which shows that Eq(3) cannot be sat-
isfied. Thus we have proved that u cannot be right

transiationally invariant. By considering the func-
. e d . .
tion f{@{ aa(t 17 |,=¢) we can similarly show

that g cannot be left translatiocally invanant either.
Thus we have proved that on the local gauge group
C (M. G) there does not exist a non-zero finite
positive translationally invarniant measure on its
Borel o-field.

In summary we have proved that on the local
gauge group C{M.G) there does not exist a finie
positive invariant measure. It should be noted that
the method provided in this paper is conly appropri-
ate for the study of finite measure on the group
" (M.G)1. From the consideration in this paper
we cannot establish the existence ar nonexistence
of an invariant measure satisfying p#(C” (M. G11=

T =
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