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Wobbling Motion in the Even-even Nucleus

SUN Bowen, JI Yingzhi, CHEN Qibo'

(Department of Physics, East China Normal University, Shanghai 200241, China)

Abstract: The recent progresses on the wobbling motion are briefly introduced. So far 17 wobbling candidates have
been reported in odd-4 and even-even nuclei that spread over 4~100, 130, 160 and 190 mass regions. The two-quasi-
particle configuration wobbling in 130Ba and the wobbling motion in a triaxial rotor are taken as examples in this pa-
per to show the wobbling motion in even-even nuclei. For the 130Ba, the wobbling are investigated based on the
combination of the covariant density functional theory (CDFT) and the particle rotor model (PRM). The CDFT
provides crucial information on the configuration and deformation parameters of observed bands, serving as input for
PRM calculations. The corresponding experimental energy spectra and electromagnetic transition probabilities are
reproduced. An analysis of the angular momentum geometry reveals the enhanced stability of transverse wobbling of
a two-quasiparticle configuration compared to a single-quasiparticle one. For the triaxial rotor, the time evolution of
wobbling motion is explored through the solution of Euler equations. This investigation yields valuable insights into
the evolution of orientation angles (¢ and 6) and angular momentum components. Notably, the study reveals that
low-energy states of a triaxial rotor predominantly exhibit wobbling motion around the intermediate axis. Moreover,
an increase in excitation energy corresponds to a prolonged period of intermediate axis wobbling motion. Con-
versely, a contrasting trend is observed in the case of long axis wobbling, where an increase in excitation energy

leads to a decrease in the wobbling period.
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0 Introduction

The nuclear wobbling mode, which is uniquely re-
lated to triaxiality of nuclear shape, has become an hot top-
ic in recent years from both experimental and theoretical
sides. It was first proposed by Bohr and Mottelson!) for a
triaxial rotor, i.e., for an even-even nuclei without coupling
quasiparticles and the only angular momentum in the sys-
tem is the total angular momentum. The nucleus rotates
around the principal axis having the largest moment of iner-
tia, usually the intermediate axis, which executes harmonic
oscillations about the space-fixed angular momentum vec-
tor. The expected energy spectra related to this motion are
characterized by a series of rotational £2 bands correspond-
ing to the different oscillation quanta (7). The transitions
among them are A/=1 transitions with dominant E£2 char-
acter, since the wobbling is generated by the motion of the
entire triaxial charge density with respect to the angular
momentum vector.
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Although Bohr and Mottelson predicted this motion
for even-even nuclei where no intrinsic angular momentum
is involved, the phenomenon in this simple form has not
been experimentally confirmed yet. In contrast, the pos-
sible presence of the angular momentum coming from the
intrinsic single particle motion can in many ways make the
nuclear wobbling mode much richer in its structure and
easier to be observed, e.g., in the odd-4 mass nuclei. When
the triaxial rotor is coupled to a high-j valence particle,
Frauendorf and Donau proposed that there are two kinds of
wobbling modes, namely, longitudinal wobbling(LW) and
transverse wobbling (TW)[z]. The longitudinal wobbling
refers to that the angular momentum of the high-j valence
particles is parallel to the principal axis with the largest mo-
ment of inertia, while the transverse wobble the angular
momentum of the high-j valence particles perpendicular to
the principal axis with the largest moment of inertia. Very
recently, Chen and Frauendorf further proposed a more
comprehensive classification for the wobbling motion
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based on the topology of the classical orbits visualized by
the corresponding spin coherent state (SCS) mapsm: LW
corresponds to a revolution of total angular momentum J
around the axis with the largest moment of inertia and TW
corresponds to a revolution of J around an axis perpendicu-
lar to the axis with the largest moment of inertia. The sali-
ent experimental criteria for TW and LW are manifested on
the excitation energy and the E2 transition. The excitation
energy of the LW (TW) states increases(decreases) with in-
creasing angular momentum. Both TW and LW have en-
hanced 1— /-1 E?2 transitions between adjacent wobbling
bands.

The reported wobbling candidates in the nuclear chart
up to now are summarized in Fig. 1. Most of them are in
odd-proton nuclei, including 16lLu[4], 163Lu[576], 165Lu[7],
167Lu[8], 167Ta[9], and PTEUY in A ~ 160 mass region,
135py[11-12] - 133[ 4[13]  130g,[14-15]  127x,[16] 133p,[17]
and 3°Nd['®] in the A~ 130 mass region. Of which the
135pr is the first observation of transverse wobbling at low
deformation!! 1?1 and the '3°Ba is the first example of
two-quasiparticle wobbling bands in an
nucleus!'415 191 In the heavier A ~ 190 mass region, the
candidates are '87Aul?’] and 33AuPY. In the lighter
A ~ 100 mass region, there is only one candidate 105pq
with odd neutron number N =59, which had been sugges-
ted as TW and the first nucleus that the wobbling excited
state is based on a quasi-neutron conﬁguration[22]. One is
aware of that some of these suggested wobblers remain
controversiall>3~30],

Theoretically, the triaxial rotor modelll> 311 or particle
rotor model (PRM)[273’ 15, 32736] and its approximation
solutions based on the angular momentum coherent
statesl®’ 3%, the cranking model plus random phase ap-
proximation (RPA)49™#2], the collective Hamiltonian based
on titled axis cranking modell¥ 44 as well as the project
shell modell!® 457461 have been developed to study the
wobbling motion. In particular, the combination of quantal
PRM and the state-of-art covariant density functional the-
ory (CDFT) (abbreviate as CDFT+PRM)[47749] have been
used to describe the wobbling candidates reported in the
IOSPd[Zz], 130Ba[ls], 187Au[20], and '83Aul?!]. In this frame-

cven-cven

90
80 |  Wobbling nuclei
N = Stable nuclei
5 70 F
£ 60 -
E 50 S il Spath e
= B T proces
s 40 i :
= o egdBafl —m .-
&30 byl
e N
20 1 1 PR 1 1 1 1 1 1 1
30 40 50 60 70 80 90 100 110 120
Neutron number N
Fig. 1 Reported wobbling candidates are spread over the

A ~100, 130, 160 and 190 mass regions. (color online)

work, the adiabatic and configuration fixed constraint tri-
axial CDFT calculations are first carried out to obtain the
potential energy surfaces in the -7y, the potential energy
curves along the B direction, as well as the single-particle
energy levels to analyze the possible existence of the con-
figuration and deformation parameters. The obtained con-
figuration and deformation parameters are then input to the
PRM to calculate the energy spectra, the electromagnetic
transition probabilities, as well as the angular momentum
geometries of the wobbling motion. The underlying phys-
ics of the observed rotational bands can be eventually re-
vealed.

As mentioned before, the evidence for wobbling in
even-even nuclei is fragmentary. In this special issue (CN-
PC2023) we will present some brief results on the wob-
bling motion in an even-even nucleus. It contains two parts.
One is the wobbling motion in a two-quasiparticle config-
uration, and the other one is the time-evolution of wob-
bling motion for a triaxial rotor.

1 Two-quasiparticle wobbling

In the following, we take the two-quasiparticle wob-
bling candidate 130Ba as an example to show the calcula-
tions within the CDFT+PRM approach.

As mentioned, the '*°Ba is the first example of the
two-quasiparticle wobbling bands in an
nucleus! !4 15 191 The calculated energy spectra by the
PRM in comparison with the experimental has been given
in Ref. [15]. Here we show the potential energy curve as a
function of deformation B in Fig. 2 obtained by the adia-
batic and configuration fixed constraint triaxial CDFT cal-
culations. In the calculations, the effective interaction PC-
PK 1% was used, while the pairing correlations were neg-
lected for simplicity. The Dirac equation was solved em-
ploying a spherical harmonic oscillator basis with 12 major
shells. The adiabatic constrained CDFT calculation is to
solve the Dirac equation by filling the protons and neut-
rons into the single-particle energy levels according to their
energies from the bottom of the well. During the con-
strained calculations for the given deformation S, the tri-
axial deformation is automatically obtained by minimizing
the energy. The configuration fixed constrained calculation
requires that the occupied single-particle orbits are fixed
during the constrained calculation with [(¢,(8+dB)I
&:(B)) = 11471 (in practical calculations the overlap is set as
> 0.90). One sees clearly from Fig. 2 that the advantages of
the configuration fixed constrained calculations is that the
continuous and smooth energy curves and the unambigu-
ous local minima for each configuration are yielded in com-
parison with the irregularities of energy curve in adiabatic
constrained calculations.

The ground state (labeled as “A” in Fig. 2) deforma-
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tion of '3°Ba is (B, ¥)=(0.23,13.9°). There are several loc-
al minima in the potential energy curve, in which the pro-
tons and neutrons are also zero-quasiparticle configuration.
To find the configuration responsible for establishing the
wobbling motion in 130Ba, we excited one paired protons to
the £y, orbit and do the configuration fixed calculations to
obtain the excited configuration m(1h;,,,)* (labeled as “a”
in Fig. 2). Definitely other excited configurations can be
obtained in a similar way. They are used to describe the
other observed rotational bands!'*l. The configuration
n(1hy,,,)* has the deformation (B, y)=(0.24,21.5°) and an
excitation energy of 3.13 MeV with respect to the ground
state, which is comparable with the experimental excitation
energy of 3.79 MeV of the /=107 state of the yrast wob-
bling band!'*l. The obtained deformation parameters and
configuration information are then input to the PRM to de-
scribe the experimental energy spectra, energy difference
between the two bands, as well as the available electromag-
netic transition probabilities B(M1),,/B(E2), and
B(E2)./B(E2);, (51, One finds that in comparison with
TW in odd-4 nuclei, the mixing ratios &=<{E2)q/{M 1)y
in the '3°Ba are in fact small. This is attributed to the fact
that one more high- j quasiparticle is involved in the two-
quasiparticle configuration, which enlarges the M1 matrix
elements. This is a characteristic for the two-quasiparticle
wobbling motion.

In order to delve deeper into the angular momentum
geometry associated with the wobbling motion, a more de-
tailed analysis was conducted. Fig. 3 displays the probabil-
ity density distributions P(6, ¢) for the orientation of the
total angular momenta J with respect to the body-fixed
frame. Specifically, the distributions are shown for 7=14
corresponding to states with n=0 and 2, and /=15 corres-
ponding to states with n=1 and 3. It is noteworthy that the
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Fig.2 The potential energy as a function of deformation g
in adiabatic (open circles) and configuration-
fixed(lines) constrained triaxial CDFT calculations
with the PC-PK1 effective interaction for '3°Ba. The
local minima in the energy surfaces for fixed configur-
ation are represented as stars and labeled, respectively,
as A-D and a. (color online)

180 180

135 135

< 90 < 90
) )

45 45

0 0

90 —45 0 45 90
#/(°)

90 —45 0 45 90
#/(°) ¢/(°)

90 —-45 0 45 90

Fig. 3 Distributions of the probability P(6,4) for the orient-
ation of the angular momentum J with respect to the
body-fixed frame at ;=14 (n=0 and 2) and 15 (n=1
and 3). Brown indicates maximal and blue minimal
probability. Here, @ is the angle between J and the /-
axis, and ¢ is the angle between the projection of J
onto the sm-plane and the s-axis. The panels are
labeled by the wobbling phonon . (color online)

probability distributions $(6, ¢) exhibit a prominent con-
centration around the §=90° plane, which signifies a min-
imal contribution from the /-component of J. Specifically,
in the n=0 state, there is a maximum probability at ¢p=0°,
indicating the occurrence of maximal alignment between J
and the s-axis, as permitted by the principles of quantum
mechanics. Conversely, the n=1 state exhibits a minimum
probability at this particular orientation. The regions of
highest probability revolve around this minimum, forming
a ring-like structure. This behavior is a direct manifestation
of the wobbling motion (precession) of J about the s-axis.
These probability distributions align with the anticipated
patterns for the ¢-symmetric states with n=0 and 2, as
well as the ¢-antisymmetric states with n=1 and 3. Im-
portantly, the absence of merging between the probability
distributions centered at ¢=0° and ¢=+180° when
passing through ¢=+90° clearly indicates the stability of
the TW mode. Comparatively, the TW mode observed in
130Ba demonstrates significantly greater stability compared
to its counterparts in odd-A4 nuclei. This enhanced stability
arises from the fact that the two-quasiparticle system in
130Ba can achieve a considerably higher alignment along
the s-axis. The detail results can be found in Ref. [51].

The success of the CDFT+PRM on the study of the
two-quasiparticle wobbling motion in 1308451 has motiv-
ated the project shell model to study the wobbling in
1304191 and 136Nd[46], the collective Hamiltonian con-
structed from a semiclassical treatment to study the wob-
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bling in 13OBa, 134Ce, 136’138Nd[52], as well as the experi-
mental study on the wobbling in '**Nd['3]. More candid-
ates of two-quasiparticle wobbling nuclei are expected on
this or other mass regions. The related work along this dir-
ection is in progresst>3L. It is also worth pointing out that
the CDFT+PRM has also been applied successfully on the
study of the nuclear chirality[54_65] and the single particle

and collective motion in the light nucleil®07671,

2 Time evolution study

The CDFT+PRM provides a microscopic and quantal
approach to study the wobbling motion. In the following, a
classical view on the wobbling motion is provided by in-
vestigating the time evolution of wobbling motion. To
study the time evolution of wobbling motion, we start from
the triaxial rotor Hamiltonian, which is written ast!]

J?
Hy = — 1)

where J; are the components of the collective angular mo-
mentum with respect to the principal axes of the rotor and
J: the corresponding moments of inertia. Classically, the
angular momentum components are expressed, in the
spherical coordinate frame for a given spin value /, by the
polar angle 6 and azimuthal angle ¢ as

Ji=+I{+1)sinfcos ¢,
J,=+/I(I + 1)sinBsing, (2)
J3=+I(I +1)cosé.

Here, 6 is defined as the angle between J and the long(/)
axis, and ¢ is the angle between the projection of J onto
the short-intermediate ( sm ) plane and the s-axis.

The orbits of the angular momentum on the unit angu-
lar momentum sphere are determined by the implicit equa-
tion!?!

2

_ 3

E= 280) +V(e), (3)

V(g)=I(I + 1)(Sin2"5 + COSZ¢) (4)
B 29> 29, )

1 _(L_sin2¢_cosz¢) )
2B(¢) \29: 29, 29, )

which are obtained by the intersection lines between the
sphere of constant momentum  J?=J2+
J2+J2=1(I+1) and the ellipsoid of constant energy given
in Eq. (1).

According to the Euler equation for a classical rotor,
the angular velocity tangential to the orbit ist!

angular
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di d¢ :
‘Uu(fﬁ)_ = (dt) +(dt) (6)
d¢ ( cos?¢ sin’¢ 1 )
— =+ I(I+1)cosb + -—1, 7
A B A
do 1 1
I(I+1)sinf| — — — |sin¢cos 8
5 = VIa+D) ( 7 jz) gcosp. (8

where 6(¢) can be derived from the Eq. (3) for a given en-
ergy value E,, i.e.,

2B(¢)
1I+1)

05> 6(¢) = [E, - V($)l. )
Therefore, once the moment of inertia and the initial condi-
tion of the triaxial rotor are known, the time evolution
equation Egs. (7)~(8) can be solved.

In Fig. 4, an example of the orientation angles 6 and
¢ as well as the corresponding angular momentum com-
ponents along the intermediate(J, ), short(J,), and long
(J;) principal axis of the triaxial rotor are shown as func-
tions of ¢ for given values of /=8% and 7, =30 i /MeV ,
J,=10n*/MeV, and J,=5h>/MeV . This system has been
studied in the framework of triaxial rotor modell® and has

180
L : (2)
00 N AN AN AN
_ | ¢
I o
< L
| Euler Eq. : Start at( = /2, ¢ = 2)
,180....I..E..I....I....I....I....
-, E (b)
s
. | :
E 4
o 0F ’
B 4
=1
<
-8
_12....I..E..I....I....I....I....
0 5 10 15 20 25 30

#(-MeV™)

(a) The orientation angles ¢ and ¢ as a function of
time ¢ at /=8# obtained by solving the Euler equation
Eq. (6). (b) The corresponding angular momentum
components along the intermediate( J,, ), short(J; ), and
long( J;) principal axis of the triaxial rotor as a func-
tion of ¢ . (color online)

Fig. 4
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been revealed as a good example to show the wobbling pic-
ture. The initial condition is chosen as (6=n/2, $=2),
which corresponding to the lowest energy state orbit calcu-
lated by Eq. (9) with E; =1.616 MeV . The 6 and ¢ oscil-
late with respect to 6=n/2 and ¢=m/2, respectively. Cor-
respondingly, the angular momentum aligns mainly along
the m-axis with J,, ~8%. The J, and J, are small but not
negligible. They drive the rotational axis precess and
wobble around the axis with the largest moment of inertia.
All of these characteristic present the wobbling motion with
respect to the m-axis.

Both 6 and ¢ develop periodically with time under
the same period of T=7.57/MeV . The periodic characters
are also seen for the angular momentum components. The
period 7 will vary as the initial condition of (6, ¢) or say
the excitation energy E. In Fig. 5, we delineate the vari-
ation of the wobbling motion periods 7' as a function of ex-
citation energy, with respect to both the m-axis (the eigen-
states of TRM with n=0~4) and the /-axis (the eigen-
states of TRM with n=5~ 8) for /=87%. Our analysis re-
veals a distinctive behavior in these two regimes. Specific-
ally, within the domain corresponding to m-axis wobbling,
there is a noticeable increment in the period of wobbling
motion as the excitation energy increases. This trend sug-
gests that the dynamical stability associated with rotational
motion around the m-axis diminishes progressively with
higher excitation energies. Conversely, in the context of /-
axis wobbling, an inverse relationship is observed: the peri-
od of wobbling motion exhibits a decrement with an in-
crease in excitation energy. Such a trend indicates an en-
hanced dynamical favorability for rotational motion around
the /-axis at higher excitation energies. Moreover, 7 will
become infinite when the initial condition is chosen as
O=n/2, $=0), i.e., starting from the s-axis. Namely, the
wobbling motion with respect to the s-axis (intermediate
moment of inertia axis) does not exist. The behavior of the
period can be also seen for the other spins. The period de-
creases with spin, indicating the faster rotation. More de-

tailed results will be published elsewherel®8],

30
=20l
> L
2l -
= L
e L
= 10+
0 -. 1 1 1 P 1 1 1
0 1 2 3 4 5 6 7 8
Energy/MeV
Fig. 5 Periods of the wobbling motion with respect to the

m-axis and /-axis as a function of energy for 7=8%. The
empty and symbols represent the eigen-energies of
TRM Hamiltonian for 7=8. (color online)

3 Summary

In summary, the recent progresses on the wobbling

motion are briefly introduced. So far 17 wobbling candid-
ates have been reported in odd-4 and even-even nuclei that
spread over A=~ 100, 130, 160 and 190 mass regions. Vari-
ous kinds of theoretical approach have been developed to
study the wobbling motion. Of which the CDFT+PRM is a
powerful tool to study the wobbling motion. From the CD-
FT calculations, the possible existence of the configuration
and deformation parameters can be obtained in a micro-
scopic manner. From the PRM calculations, the experi-
mental spectroscopic properties can be well described and
the underlying physics can be explored in a fully quantal
view. The two-quasiparticle configuration wobbling in
130Ba and the wobbling motion in a triaxial rotor are taken
as examples to show the wobbling motion in even-even
nuclei. The time evolution of the wobbling motion is an in-
teresting topic, from which the wobbling nature is intuit-
ively revealed. Further experimental and theoretical efforts
on the wobbling motion are expected.
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BBRE TP IERER

IMEX, AT, KT
(FERIE RS B R0, Ll 200241)

WE: ATEHAENBTHEESHNAHAR*E, B ERELHN 100,130,160, 190 ZX W FAZEEEZ T E
BET TN EREEZ. U PBa b WA AR TEABER —th#t TWEZEZH A B RABEE FWEEEs. o
F 130Ba, RAHE % EZ B (CDFT) Akt 74 T A (PRM) & # 471 % . CDFT 4 W% B 6 4 iy 4L A5 F 2 Y
SHRET FEEE, FAYPRMUHERETHAE. £PBat, B HEEAT Lhe g magRkitmz, A
HELMHONMETT AERTASHEAEZEZERLEER FTHASHBAEZEMEE, ST 28T, FAAK
WHERAREEEMEA, SHT F LA (pFOURATIES) BB B WELEG. HRKHA, =i FHKE
BRMASTERTES AW EZL, MERLGEN S, FEHEZEIHWEAREK. BR, EKHE
ZHEATENE —HERKTENSEE, FHLEENE N FREZAHRD.
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