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Abstract:  The critical exponents at the Critical end Point(CEP) and the spinodal boundaries are investig-
ated in the Poyakov-Nambu--Jona-Lasinio(PNJL) model. The numerical results show that the four stand-
ard critical exponents,    and   , are consistent with Landau-Ginzburg theory in the mean-field ap-
proximation.  The  critical  exponent    correlated  to  kurtosis  is  larger  than  the  critical  exponent

  of skewness at the CEP, which indicates that the measurement of kurtosis is more sensitive than
skewness if  the critical region can be reached in heavy-ion collision. The calculation also shows that the
critical exponent of skewness~(kurtosis) along the spinodal line has the same divergent strength as that at
the  CEP.  Due  to  the  violent  fluctuations  in  the  unstable  and  metastable  phases  and  the  divergence  of
skewness and kurtosis at the spinodal boundaries, the signals to identify the first-order transition in the
future experiments will be disturbed to a certain degree. Some deviations from the prediction of standard
first-order transition may be found in observation.
Key  words:   critical  exponent;  baryon  number  fluctuation;  spinodal  instability;  first-order  transition;
nonequilibrium effect
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1    Introduction

It is a significant topic to explore the phase trans-
ition of strongly interacting matter in both theory and
heavy-ion collision experiment. The calculations of lat-
tice  QCD[1–6] indicate  that,  at  high temperature  and
small  chemical  potential,  the  transformation  from
quark-gluon plasma to hadrons is a smooth crossover.
Although the simulation at large chemical potential is
still not available in lattice QCD due to the sign prob-
lem,  some  effective  quark  models  which  incorporate
the  fundamental  symmetries  of  QCD  (e.g.,  Refs.
[7– 19])  indicate  the  existence  of  a  first-order  phase
transition  at  large  chemical  potential,  with  a  critical
end point (CEP) connecting with the crossover trans-
ition.

Searching for the CEP is just one of the primary
tasks of  RHIC[20−21], and some possible indictions re-
lated  to  the  critical  phenomenon  were  discovered  in

the first phase of beam energy scan (BES I)[22–24]. To
pin  down  the  existence  of  CEP,  the  second  phase  of
the beam  energy  scan  and  the  fixed  target  experi-
ments  will  be  performed  at  RHIC  STAR.  Besides,
other planned  experiments  to  probe  the  phase  trans-
ition at lower temperatures and larger chemical poten-
tials will  be done at FAIR/NICA/J-PARC. The pro-
gress in experiments will provide us good opportunit-
ies to identify the QCD phase structure.

Experimentally, the  event-by-event  measure-
ments  of  fluctuations  of  conserved  charges  undertake
the  mission  of  searching  for  the  QCD  phase
structure[20−21, 25–36]. In the beam energy scan experi-
ments, the high-order cumulants of net proton (proxy
for net baryon) have been measured, and the multipli-
city distributions,  skewness  and  kurtosis,  are  ex-
ploited  to  identify  the  QCD  phase  transition.  When
approaching to the vicinity of  CEP, the density fluc-
tuations and  the  corresponding  multiplicity  distribu-
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tion grow fast and diverge at the CEP[37]. The diver-
gent  strength  is  correlated  to  the  critical  exponents.
Therefore, the study of the critical exponents is mean-
ingful for the analysis of particle multiplicity distribu-
tions and identifying the location of CEP.

Sσ κσ2

Although some  critical  behaviors  of  chiral  trans-
ition  have  been  investigated  in  literature  (e.g.,  Refs.
[38–44]), the critical exponents related to multiplicity
distributions of conserved charges such as net-baryon
number  skewness    and  kurtosis    are  still  not
investigated, which are more closely connected to the
experimental  measurements.  Calculating  the  critical
exponents of baryon number skewness and kurtosis is
one of the main tasks in this work.

On  the  other  hand,  for  the  chiral  transition  at
low density  and  large  chemical  potential,  the  ideal-
ized  first-order  phase  transition  is  usually  derived
based on  the  equilibrium  thermodynamics  in  literat-
ure  (e.g.,  Refs.  [7– 19, 37, 45−46]).  The  associated
nonequilibrium  effects  of  created  matter  is  ignored,
however, for  an  expanding  system,  the  nonequilibri-
um  effect  possibly  plays  a  crucial  role  on  the  phase
transformation. In heavy-ion collision experiments, the
unstable  and/or metastable  phase of  chiral  transition
may be triggered with the collision energy is  reduced
to  a  few  GeV[44, 47– 55].  At  the  spinodal  boundary
where  the  unstable  phase  and  metastable  phase  are
separated,  strongly density fluctuations  will  generate.
The corresponding  multiplicity  distribution  of  con-
served charges will  also diverge,  which possibly bring
new  disturbance  to  identify  the  first-order  phase
transition.

Considering the  planned  experiments  with  re-
duced collision  energies  to  explore  the  critical  phe-
nomenon and the first-order  transition as  well  as  the
observables  taken  in  measurement,  we  will,  in  this
study,  investigate  the  critical  exponents  of  baryon
number  skewness  and  kurtosis  at  both  the  CEP and
the spinodal boundary. This investigation is meaning-
ful for the dada analysis to identify the critical beha-
vior and the first-order chiral transition.

2    The PNJL quark model

The Lagrangian density in the three flavor PNJL
(Poyakov-Nambu–Jona-Lasinio) model is taken as

L =q̄(iγµDµ+γ0µ̂−m̂0)q+

G

8∑
k=0

[
(q̄λkq)

2+(q̄iγ5λkq)
2
]
−

K
[
detf (q̄(1 + γ5)q) + detf (q̄(1− γ5)q)

]
−

U(Φ[A], Φ̄[A], T ), (1)

q

u, d s m̂0 = diag(mu, md, ms)

G K
µ̂ = diag(µu, µd, µs)

where    denotes  the  quark  fields  with  three  flavors,
 , and   ;    in flavor space;

  and    are the four-point and six-point interacting
constants,  respectively.  The    are
the quark chemical potentials.

Dµ = ∂µ − iAµ

Aµ = δ0µA0

A0 = gAα
0

λα

2
λα

2
SU(3)

U(Φ[A], Φ̄[A], T )

Φ = (TrcL)/NC Φ̄ = (TrcL†)/NC

L

The  covariant  derivative  in  the  Lagrangian  is
defined as   . The gluon background field

  is supposed to be homogeneous and static,
with   , where    is    color generat-
ors.  The  effective  potential    is ex-
pressed  in  terms  of  the  traced  Polyakov  loop

  and  its  conjugate   .
The Polyakov loop    is a matrix in color space

L(x) = P exp
[
i
w β

0
dτA4(x, τ)

]
, (2)

β = 1/T

A4 = iA0

where    is  the  inverse  of  temperature  and
 .

The Polyakov-loop effective potential used in this
study is

U(Φ, Φ̄, T )
T 4

=− a(T )

2
Φ̄Φ + b(T )ln

[
1− 6Φ̄Φ+

4(Φ̄3 +Φ3)− 3(Φ̄Φ)2
]
, (3)

a(T ) = a0 + a1(
T0
T
) + a2(

T0
T
)2 b(T ) = b3(

T0
T
)3

a0 = 3.51 a1 = −2.47 a3 = 15.2

b3 = −1.75

T0 = 210

where    and   .
The  parameters   ,   ,   ,
and    were  derived  in  Ref.  [56]  by  fitting
the  thermodynamics  of  pure  gauge  sector  in  LQCD.

  MeV is implemented when fermion fields are
included.

Mi

In the mean field approximation, the constituent
quark masses    are obtained as

Mi = mi − 4Gϕi + 2Kϕjϕk (i ̸= j ̸= k), (4)

ϕi iwhere    stands for quark condensate of the flavor   .
The thermodynamical potential is derived as

Ω =U(Φ̄,Φ, T ) + 2G
(
ϕu

2 + ϕd
2 + ϕs

2
)
−

4Kϕu ϕd ϕs − 2
w
Λ

d3p

(2π)3
3(Eu + Ed + Es)−

2T
∑
u,d,s

w d3p

(2π)3
[
ln(1 + 3Φe−(Ei−µi)/T+

3Φ̄e−2(Ei−µi)/T + e−3(Ei−µi)/T )
]
−

2T
∑
u,d,s

w d3p

(2π)3
[
ln(1 + 3Φ̄e−(Ei+µi)/T+

3Φe−2(Ei+µi)/T + e−3(Ei+µi)/T )
]
, (5)

Ei =
√
p2 +M2

iwhere    is the  energy-momentum dis-
persion relation.

ϕu, ϕd, ϕs,Φ Φ̄The values of    and    are determined
by minimizing the thermodynamical potential
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∂Ω

∂ϕu

=
∂Ω

∂ϕd

=
∂Ω

∂ϕs

=
∂Ω

∂Φ
=

∂Ω

∂Φ̄
= 0. (6)

Λ

Λ = 603.2 GΛ2 = 1.835 KΛ5 = 12.36 mu,d = 5.5

ms = 140.7

fπ = 92.4 Mπ = 135.0 mK = 497.7

mη = 957.8

In the calculation a cut-off    is implemented in 3-
momentum space for divergent integrations. The mod-
el  parameters  given  in  Ref.  [57]  are  taken  with

  MeV,   ,   ,  
and    MeV,  determined  by  fitting

  MeV,    MeV,    MeV
and    MeV.

3    Numerical results

3.1    Critical exponents at the CEP

µc = 291

Tc = 131

α, β, γ δ

In  the  PNJL  model  with  the  parameters  given
above,  the  critical  end  point  locates    MeV
and    MeV.  First  of  all,  we  investigate  the
four  standard  thermodynamical  critical  exponents

  and    usually used to describe the critical be-
havior. Fig.  1 shows  the  paths  to  calculate  the  four
critical exponents on the phase diagram.
 
 

200

150 α
γ

β

δ

100

200 250 300 350 400

T/
M

eV

μq/MeV

50

Fig. 1    (color online) First-order phase transition line
with  the  CEP  and  the  paths  taken  to  calculate
the critical exponents.

 

 

α

Cρ = −T
(

∂2Ω

∂T2

)
ρ

The exponent    is  defined by the  power  scaling

of specific heat    along the first-order

axis towards the critical endpoint

Cρ ∼ |T − Tc|−α. (7)

t = T−Tc
Tc

Tc ln(Cρ

ln(t)

y = 0.02x+ 2.11

α = 0.02

For the convenience of numerical calculation, the cal-
culation is usually performed along the extension line
of the first-order transition. In the numerical analysis,
we define   , which measure the distance from
the critical temperature   . We plot   ) as a func-
tion of    in Fig. 2. From the figure we can see that
all  points  fall  on  the  line  which  is  read

  with  the  best  fitting.  The  slope  of
the line gives the critical exponent  
 

2.50

2.25

2.00

1.75

1.50
−8.0 −7.5 −7.0 −6.5 −6.0 −5.5 −5.0

ln
(C

ρ)

ln(t)
Fig. 2    (color  online)  Logarithm  of  specific  heat  ap-

proaching to  the  critical  end  point  along  the  ex-
tension of first-order transition line.

 

 

β

ρ

Tc

The  exponent    describes  the  discontinuity  of
quark  number  density    as the  temperature  ap-
proaches  the  critical  temperature    along  the  first-
order transition line

∆ρ ∼ (Tc − T )β. (8)

∆ρ

ln(∆ρ) ln(t)
β = 0.50

   is the difference of quark density on the two sides
of  the  first-order  transition  for  a  given  temperature.
The best fitting of    as a function of    given
in Fig. 3 indicates the critical exponent   .
 
 

0

−1.0

−0.5

−1.5

−2.0

−2.5
−8.0 −7.0 −6.0 −4.0−5.0

ln
(Δ
ρ)

ln(t)
∆ρ

ln(t)
Fig. 3    (color online) Logarithm of    as function of

  along the first-order line approaching to the
CEP.

 

 

γ

χ2 ≡
(

∂ρ

∂µ

)
T

The exponent    is related to the baryon number

susceptibility    along the first-order axis

χ2 ∼ (T − Tc)
−γ . (9)

γ = 1.03

We still take the logarithm on both sides of the above
equation.  The  numerical  result  of  the  best  fitting  is
plotted  in Fig.  4,  which  gives  the  critical  exponent

 .
δ

ρ− ρc µ− µc

Tc

The  exponent    is defined  by  the  the  relation-
ship  between    and    when the  temperat-
ure is fixed to  
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ρ− ρc ∼ (µ− µc)
1
δ . (10)

ρ− ρc ln(µ− µc)

δ = 3.03

With  the  same  method  used  above  the  logarithm  of
  as  a  function    is  plotted  in Fig.  5.

The best fitting shows the critical exponent   .
 
 

−0.5

−1.5

−1.0

−2.0

−2.5
−5−6 −4 −3 −1−2

ln
(ρ
−ρ

c)

ln(μ−μc)

ρ− ρc µ− µc

µ µc

Fig. 5    (color online) Logarithm of    and  

as    approaches    at the critical temperature.
 

 

α, β, γ δ

The  numerical  analysis  indicates  that  the  values
of    and    for strongly interacting matter in the
PNJL model  also  approximately  satisfy  the  following
relations:

α+ 2β + γ = 2 (Rushbrooke), (11)

and

γ = β(δ − 1) (Widom). (12)

α = 0, β = 1/2, γ = 1 δ = 3

They  are  consistent  with  the  conclusion  in  Refs.
[58−59] and the analysis of the Landau-Ginzburg the-
ory  in  the  mean-field  approximation  with

  and   (Refs.  [43, 60]  and
reference therein).

χB
2 Sσ κσ2

Tc µ µc

Besides the four critical exponents above, we also
calculate  the  divergence  of   ,    and    at  the
critical  temperature    with    approaching  to  

from  the  high  density  side.  These  critical  exponents

are defined as

χB
2 ∼ |µ− µc|−ν , (13)

Sσ ∼ |µ− µc|−ζ , (14)

and

κσ2 ∼ |µ− µc|−η, (15)

ν η

Sσ κσ2

Sσ = χB
3 /χ

B
2 κσ2 = χB

4 /χ
B
2

respectively.  We  should  note  that  here    and    are
not  the  critical  exponents  relevant  to  correlation
length.    and    are the ratios of  high-order sus-
ceptibilities:    and   . The ba-
ryon number susceptibility can be derived with

χB
i = − ∂i(Ω/T 4)

∂(µB/T )i
(16)

For more details, one can refer to Ref. [37].

ν = 0.70, ζ = 1.03 η = 2.08

ζ = 1.03 η = 2.08

ζ η

ν ζ η

The  numerical  values  of  these  critical  exponents
are    and   .  The two critical
exponents    and    are  closely  related
to  baryon  number  fluctuation  distributions,  skewness
and kurtosis. The collision energy dependence of skew-
ness  and  kurtosis  are  taken  to  analyze  the  phase
transition signatures in the beam energy scan experi-
ments  of  heavy-ion  collision,  especially  to  pin  down
the critical endpoint. We can see that the critical ex-
ponents    is  smaller  than   . It  means  that  the  kur-
tosis is more sensitive than skewness in the vicinity of
CEP.  The  values  of   ,    and    will  be  compared
with the corresponding divergence along the spinodal
boundary  in  the  next  subsection,  which  are  possibly
useful to analyze the first-order transition.

3.2    Critical exponents at the spinodal boundaries

In this subsection, we discuss the noneuqilibrium
effect  of  the  first-order  transition  below  the  critical
temperature. Generally,  a  first-order  transition  is  al-
ways associated with the nonequilibrium effect during
the  condensation  in  terms  of  the  convex  structure  of
thermodynamic  pressure.  To  a  certain  degree,  the
nonequilibrium effect can manifest in a rapid expand-
ing  system.  Some  signals  different  from the  idealized
first-order transition will probably be observed in the
upcoming  HIC(Heavy-ion  Collision)  experiments  at
RHIC/FARI/NICA. Therefore, it is meaningful to in-
vestigate the density fluctuations and the correspond-
ing  multiplicity  distributions  resulting  from  the
nonequilibrium first-order  transition  with  the  inclu-
sion of the unstable (spinodal) and metastable phases.
Here we focus on the critical  behavior of  multiplicity
distribution  of  baryon  number  fluctuation  along  the
spinodal boundary.

For  the  convenience  of  later  discussion,  we  plot

 

7.0

6.0

6.5

5.5

5.0

3.0

3.5

4.5

4.0

−5.5−6.0 −5.0 −4.5 −4.0

ln
(χ

2)

ln(t)
χ2Fig. 4    (color  online)  Logarithm the susceptibility  

approaching  to  the  CEP  along  extension  line  of
the first-order transition.
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T − ρB

A D

the full    phase diagram of the first-order trans-
ition  in Fig.  6.  The  lines  marked    and    are  the
binodal boundaries  of  the  idealized  first-order  trans-
ition.  This  figure  demonstrates  that  the  unstable
(spinodal)  region  filled  with  gray  color  is  surrounded
by  the  metastable  regions  (two  yellow  bands).  With
the increase  of  temperature,  the  unstable  and  meta-
stable regions gradually decrease. Finally, the spinod-
al and binodal curves meet at the critical end point.
  

225

200
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A B C

Unstable

Metastable

CEP

D
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100
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50

25

0.0 0.5 1.0

ρB/ρ0

T
/M
e
V

1.5 2.0 2.5 3.0

B C

A D

Fig. 6    (color  online)  Phase  structure  of  the  first-or-
der transition  including  the  metastable  and  un-
stable regions.    and    are the spinodal bound-
aies.    and    are the binodal curves of the first-
order transition. 

 

T = 100

µq, χ
B
2

χB
2

B C

B
C

As an  example,  we  fix  the  temperature  

MeV, and show the relations of   , skewness and
kurtosis as functions of baryon density in Fig. 7. It is
clear  that   ,  skewness  and  kurtosis  diverge  at  the
spinodal boundaries    and   .  We will  calculate the
critical exponents at the point    from the low dens-
ity  side  and  at  the  point    from  the  high-density
side.
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2.0
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B
C

D

2.5

Stable

Metastable

Unstable

3.0

µq χB
2

T = 100

Fig. 7    (color  online)   ,   ,  skewness  and  kurtosis
as functions of baryon density at    MeV. 

 

χB
2Near  the  singularity  the  behavior  of   , skew-

ness  and kurtosis  can be described by the power law

forms

χB
2 ∼ |µ− µ0|−ν′ , (17)

Sσ ∼ |µ− µ0|−ζ′ , (18)

and

κσ2 ∼ |µ− µ0|−η′ , (19)

µ0

B C

∼ (19)

where    is the chemical potential on spinodal bound-
ary (   or   ). In the calculation, we still use the lin-
ear logarithmic fitting, thus the Eq. (17)   can be
written as

lnχB
2 ∼ −ν′ ln |µ− µ0|+ const, (20)

ln(Sσ) ∼ −ζ ′ln|µ− µ0|+ const, (21)

and

ln(κσ2) ∼ −η′ln|µ− µ0|+ const. (22)

ζ ′

ζ ′ ∼ 1.02±
0.02 η′

ζ ′ ∼ 2.08± 0.02

η ζ Sσ κσ2

The  critical  exponent    of  skewness  along  the
spinodal  lines  plotted  in Fig.  6 at several  temperat-
ures  in  the  first-order  transition  region  are  given  in
Fig.  8.  The  numerical  results  shows  that  

  for all temperatures① . The critical exponent  

of kurtosis at different temperatures are given in Fig.
9.  The  numerical  results  shows  that  

for all  temperatures.  Comparing  with  critical  expo-
nents    and    at the CEP, we find that    (  ) on
the  spinodal  boundary  has  the  same  divergent
strength as that at the CEP.

ν′

ν′

ν′ = 0.52± 0.02

T < 110

ν′ ≈ 0.7

C B

ν′ = 1/2 ν′ = 2/3

ν′ ∼ 1/2

ν′ ∼ 2/3

ν′

For  the  critical  exponent   , it  increases  gradu-
ally  along  the  spinodal  line  from  lower  temperatures
to higher ones. The evolving behaviors of    along the
spinodal boundary are plotted in Fig. 10. The numer-
ical  calculation  show  that    for

  MeV. A rapid increase occurs near the critic-
al  region,  and    (0.66)  when  approaching  the
CEP  along  line    (  )  in Fig.  6.  These  results  are
consistent with the two-flavor NJL model, which give

  at spinodals and    at the CEP[50]. In
the  chiral  limit,    at  both  the  spinodal  line
and  CEP,  but  for  finite  quark  mass,  the  analysis  in
the  Ginsburg-Landau  theory  shows  that    at
the  CEP  and  1/2 at  the  spinodal  line  far  from  the
CEP.  The  smooth  evolution  of  the  singularity  from
the spinodal lines to the CEP is expected and is con-
firmed  by  the  numerical  result  of  the  PNJL  model.
The evolution of    toward the CEP also indicates a
change of universality class.

In  the  following,  we  discuss  some  possible  phase
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ζ′ ∼ 1.02± 0.02 (1.0 ∼ 1.04)①The notation of the critical exponent such as    means that the critical exponent lies in the range of    at

different temperatures along the spinodal line of the first-order phase transition.



transition  signals  in  observation.  For  the  idealized
first-order  chiral  phase  transition  in  equilibrium,  the
divergence of  density fluctuations only takes place at
the critical  endpoint  and  then  predicts  a  peak  struc-
ture  of  kurtosis  as  a  function  of  collision  energy.
However,  when  the  metastable  phase  is  considered,
the  calculations  show  that  the  divergence  of  density
fluctuations  can  also  occur  at  the  spinodal  boundary
of  the  first-order  phase  transition.  Therefore,  some

unique signals of the chiral phase transition, different
from  those  idealized  phase  transition  in  equilibrium,
may be generated in experiments. For baryon number
kurtosis, since the critical exponent along the spinod-
al line is the same as that at the CEP, the predicted
peak  structure  as  a  function  of  collision  energy  in
equilibrium  thermodynamics  may  be  indistinct,  and
kurtosis  always  takes  relatively  larger  values  in  the
first-order phase transition region. It weakens the dis-
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 , and   MeV (  ). The numerical value is the slope of the line, i.e., the value of   .
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tinction between  the  critical  fluctuations  and  fluctu-
ations from the first-order phase transition.

4    Summary

α, β, γ δ

η

ζ

In this research, we investigated the critical expo-
nents of chiral transition in the PNJL model. The four
standard  critical  exponents,    and   , are  con-
sistent  with  Landau-Ginzburg  theory  in  the  mean-
field approximation. Besides, we calculated the critic-
ality  of  skewness  and  kurtosis  of  net-baryon  number
fluctuations. The critical exponent    of kurtosis is lar-
ger  than  the  critical  exponent    of  skewness  at  the
CEP.  It  means  that  the  measurement  of  kurtosis  is
more sensitive than skewness if the critical region can
be reached in heavy-ion collision.

χB
2

ν′

Considering  the  spinodal  instability  may  be
trigged in heavy-ion collisions with the collision ener-
gies decreased to a few GeV, we also studied the crit-
ical  behavior  of  skewness,  kurtosis  and    along the
spinodal boundaries. We found that the critical expo-
nent  of  skewness  (kurtosis)  has  the  same  divergent
strength as  that  at  the  CEP,  but  the  critical  expo-
nent    has a rapid increase when approaching to the
CEP along  the  spinodal  boundary.  Since  the  diver-
gence of skewness and kurtosis at the spinodal bound-
aries,  the  signals  to  identify  the  first-order  transition
in the  future  experiments  will  be  disturbed  to  a  cer-
tain  degree.  Some  deviations  from  the  prediction  of
standard first-order transition may be found in meas-
urement.
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PNJL模型下手征相变的临界指数

高雪艳 1, 贺伟博 1, 邵国运 1,2,†

(1. 西安交通大学物理学院，西安  710049；

2. 教育部物质非平衡合成与调控重点实验室，西安  710049)

α, β, γ, δ

η(≈ 2) ζ(≈ 1)

摘要:   在PNJL模型下研究了临界点和旋节线边界上的临界指数。计算表明四个标准的临界指数  在 平

均场近似下与朗道-金斯堡理论的预言一致。重子数涨落分布峰态的临界指数  大于偏态的 临界指数  ，

这表明，如果在重离子碰撞实验中可以达到临界区域，峰态的测量比偏态的测量更加敏感。计算结果还表明，偏

态 (峰态)在旋节线边界上的临界指数与在临界点的临界指数具有相同的发散强度。根据重子数在不稳定相和亚稳

相的剧烈涨落及峰态和偏态在旋节线边界上发散的特点，在将来的实验中用于鉴别一阶相变的信号在一定程度上

会被干扰，一些偏离标准一阶相变的信号或许会在观测中发现。

关键词:   临界指数；重子数涨落；旋节线不稳定；一阶相变；非平衡效应
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