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Possible Properties on Nuclear Shape and Stiffness
Evolution: A Systematic Analysis Based on
Nuclear-Energy-Surface Calculations
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Abstract: Nuclear shape and stiffness evolutions in even-even nuclei with 50 < Z < 82 are systematically
analyzed in terms of the pairing-deformation self-consistent nuclear-energy-surface calculation in (82,7, 54)
deformation space. Calculated equilibrium deformations are presented and compared with other theoretical
predictions and available experimental data. The stiffness parameters Cz and C., respectively related to
quadrupole deformations f2 and - are determined from the deformation energy curves, which are consistent
with the observed low-lying 8 and/or v bands. The stiffness evolution under rotation along the yrast line
is briefly discussed, e.g., on the basis of the centipidelike E-GOS curves, showing an unnegligible vibration

effect.
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1 Introduction

As is well known, nuclear shape arises from ba-
sic correlations in a nucleus!'!
shape and their evolution with different degrees of free-
dom (e.g., nucleon number, angular momentum and

. The study on nuclear

excitation energy) is important to reveal and under-
Due to them, different in-
trinsic shapes may appear in different nuclear config-

stand these correlations.

urations. Moreover, much work has been done both
theoretically and experimentally to reveal the sym-
metry breaking mechanism and to obtain conclusive
evidence!?. Sometimes, it is found that the situations
are rather complicated, especially in transition nuclei
where the nuclear wave function may be a superpo-
sition of states corresponding to different shapes. At
this time, the potential-energy surface is normally very
flat over a large deformation domain and the so-called
equilibrium deformations identified from the minimum
of such a flat surface will be practically meaningless
since they may be strongly affected by the model pa-
rameters. However, the shape stiffness related to the
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flatness of the energy landscape is relatively model in-
dependent, which can be used to describe the nuclear
properties to some extent.

In our previous work[3_9], the shape stiffness evo-
lutions are respectively investigated in different iso-
topes. Partly based on these results, we will try to
systematically analyze the possible properties on nu-
clear shape and stiffness evolution in the nuclear re-
gion with 50 < Z < 82 where the present model param-
eters are generally considered to be more valid. This
paper is organized as follows. After the introduction,
we will briefly outline the unified calculation method
and simultaneously provide the necessary references in
Sec. 2. The numerical results and discussion are pre-
sented in Sec. 3. Then, a summary is given in Sec. 4.

2 Model

The nuclear-energy-surface(NES) calculation usu-
ally accounts well for the overall systematics of
nuclear shape and stiffness, especially in medium
and heavy mass nuclei. Strictly speaking, the
NES calculation includes the potential-energy-surface
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(PES) calculation"® and total-routhian-surface (TRS)
calculation™t 1%
erful theoretical tools in the study of nuclear struc-
ture, the NES approach has several standard compo-

nents, each one individually familiar from the litera-

. Nowadays, as one of the most pow-

ture. Here, we will briefly outline the unified pro-
cedure and simultaneously provide the necessary ref-
In the PES calculation which is based on

macroscopic-microscopic model[lo], the total potential

erences.

energy calculated as a function of shape, proton num-
ber Z, and neutron number N is the sum of a macro-
scopic term and a microscopic term representing the
shell correction'® **1. The macroscopic term changes
smoothly as a function of particle number and defor-
mation. The microscopic term can have rapid fluc-
tuation with changing deformation and particle num-
ber. The macroscopic energy is obtained from the

[14]. The shell correction
4115 16]

standard liquid-drop model
energy is calculated by the Strutinsky metho
with a smoothing range v = 1.20hwo (hiwo = 41/141/3
MeV), and a correction polynomial of order p = 6.
The single-particle levels is derived from the deformed
Woods-Saxon(WS) potential with the set of universal

071 These WS parameters, taken from Ref.

parameters
[18], are:
(a) Radius parameters:
ro(p) =1.275 fm, ro(n) = 1.347 fm,
r0—so(p) = 1.320 fm, rg—so(n) = 1.310 fm.
(b) Central potential depth parameters:
Vo =49.6 MeV, k=0.86.
(c) Spin-orbit potential strength constants:
A(p) =36.0, X(n) = 35.0.
(d) Diffuseness parameters:
ao(p) =ao(n) =0.70 fm,
a0—so(P) = ap—so(n) =0.70 fm.
The pairing correlation is treated using the Lipkin-
Nogami (LN) approach[m’ ) in which the particle
number is conserved approximately and thus the
spurious pairing phase transition encountered in the
usual BCS calculation can be avoided. The pairing-
deformation self-consistent PES can be obtained in a
selected deformation space, e.g., in (B2, 7, B4). Based
on the PES, the nuclear equilibrium deformation and
stiffness may be determined. Under rotation, the TRS
calculation will be adopted where the cranking term is
taken into account (For more details, see, Ref. [3] and
references therein). Note that, in the TRS calculation,

(20 i usually used,

a set of cranking WS parameters
which is:
(a) Radius parameters:
ro(p) =ro(n) =1.190 fm,

r0—so(P) =T0—s0(n) =1.190 fm.

(b) Central potential depth parameters:
Vo =53.754 MeV, k=0.791.
(c) Spin-orbit potential strength constants:
A(p) = A(n) =29.494.
(d) Diffuseness parameters:
ao(p) =ao(n) =0.637 fm,
a0—so0(P) = ap—so(n) =0.637 fm.
Such a parameter set, which is quite successful in ac-
curately reproducing energies of single-particle as well
as collective states, can give a better description for
charge radii (both magnitude and isospin dependence)
and high-spin properties (e.g., moment of inertia) in
nuclei (see Refs. [20, 21] and references cited therein),
especially in medium and heavy mass regions as dis-
cussed below.

3 Results and discussion

In this investigation, we will focus on two isotopic
chains, namely, Ba and-Os ones, which are respectively
close to proton magic numbers 50 and 82. In nuclear
structure research, some phenomenological quantities,
such as the'energy ratio Ry o (Ry/2 = E4T/E21+) and

the P-factor (P = NpNn/(Np+Nn))[22726], are usu-
ally used to evaluate the nuclear collectivities. Figure
1 shows the contour maps of the available phenomeno-
logical ratio R4/ and the P factor for even-even nu-
clei with 50 < Z < 82. The energy ratio Ry is 3.3
for a well-deformed axially symmetric rotor, about 2.9
for the critical point of deformed to spherical path,
2.5 for ~-unstable vibrator, 2.2 for the critical point
of y-unstable vibrator to spherical path and 2.0 for
spherical vibrator, which respectively correspond to
SU(3), X(5), O(6), E(5) and U(5) dynamic symme-
tries in the algebraic view of the interacting boson
model (IBM)[QPQQ]. Nuclear deformation may be ex-
plained as due to a competition between the pairing
interaction of like nucleons and the neutron-proton in-
teraction which is responsible for strong mixing of shell
model configurations. The P-factor can just be viewed
as the average number of interactions of each valence
nucleon with those of the other type. Casten et al??
have pointed out that the transition to deformation
generally occurs when P~ 4 —5, that is, each valence
nucleon interacts with about 4—5 nucleons of the other
type. Of course, it should be related to the relative in-
tegrated strengths of the p —n and like-nucleon-pairing
interactions. The global property in this region can be
seen from Fig. 1. As expected, the R4/, ratio and
P-factor reach the maximum value near the double-
midshell nucleus, e.g. in "Dy, indicating the maxi-
mum collectivity (the rotational excitation will be fa-
vored at this time). They have the decreasing trend
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as the nucleon number moves away from the midshell.
Then the deformation will generally decrease and the
vibration and single-particle motions may appear.
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Fig. 1 (color online) The available phenomenological

ratio Ry, (upper panel) and the P factor (lower
panel) for even-even nuclei between Z =50 and 82
magic proton numbers. As seen in the upper panel,
the available R,,; values for Ba (red symbols and
line) and Os (blue symbols and line) isotopes are
shown as insets. In the lower panel, the boundary
lines same to those in the upper panel are plotted.

Fig. 2 shows the calculated ground-state deforma-
tions P2 for even-even Ba and Os isotopes,. together
with available experiments and the theoretical results
based on the fold-Yukawa (FY) single-particle poten-
tial and the finite-range droplet model (FRDM)[go} for
comparison. Note that the experimental B2 are de-
duced from the/ intrinsic quadrupole moment related
to the reduced electric quadrupole transition probabil-
ity B(EQ)[?’”. Asisseen in Fig. 2, the predicted ground
state B2 deformations basically are in agreement with
the experimentally measured results though there is
still a systematic underestimation for 2. This agrees
with the analysis by Dudek et al.® where a corrected
formula is suggested to modify the shape inconsistency.
In addition, as mentioned above, the f2 deformation
reaches a maximum near N =66 and/or N =104 mid-
shell nuclei and decreases as the neutron number N
moves away from the neutron midshell number. One
also can see that the present results can not completely
agree with the FY4+FRDM calculation especially in
the weakly deformed nuclei which usually have soft
shapes as mentioned below. However, it seems that
our calculation is more reasonable to some extent. Of
course, it should be noted that according to the Lund
convention[33], the negative [2 value just indicates the
minimum of the PES has the v value bewteen 30° and
60°. If the energy surface is very soft in the ~ direc-
tion, the exact value will be meaningless as described

in the introduction.
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Fig. 2 (color online) Calculated ground-state (B2 defor-

mations for even-even Ba (a) and Os (b) isotopes,
compared with the FY+FRDM calculation and
partial experimental data.

The equilibrium deformations calculated theoret-
ically may be model-dependent (e.g., see Fig. 2), es-
pecially in soft nuclei because these deformations can
be strongly affected by Hamiltonian parameters includ-
ing mean-field and pairing ones. However, the defor-
mation energy curves along different deformation de-
grees of freedom will usually not depend on the model
parameters too much. As shown in Fig. 3, the defor-
mation energy curves against 2 and -y are given for
selected 2Ba and '®°Os nuclei. It should be noted
that in the actual calculations the Cartesian coordi-
nates X = Pacos(y + 30°) and Y = fBasin(y + 30°)
are used, where the parameters 2 and ~ specify the
magnitude of the quadrupole deformation and the
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Fig. 3 (color online) Deformation energy curves against

B2 (a) and v (b) for two seclected nuclei '*?Ba
and '%°0s. At each f2 () point, the energy has
been minimized with respect to the v (82) and Sa
deformations.
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asymmetry of the shape, respectively. Thus the (2
value is positive and the triaxiality parameter covers
the range —120° < v < 60° according to the Lund con-
vention. For the ground states, in principle, one of the
three sectors [—120°,—60°], [-60°,0°] and [0°,60°] is
enough to describe the nuclear shape. In Fig. 3, the
~ range is shown from —60° to 60° for convenience.
Obviously, the corresponding minimum stiffness and
depth of one deformation energy curve can be qualita-
tively evaluated. The stiffnesses may be rather differ-
ent even for the deformation energy curves with the
same equilibrium deformations.

To present a quantitative description for nuclear
stiffness, we calculate the corresponding stiffness pa-
rameter Cg and C, based on a simple harmonic ap-
proximation for these two isotopic chains, as shown
in Fig. 4. Note that the stiffness constants are deter-
mined numerically from the deformation energy curves
with respect to the different deformation degrees of
freedom. For instance, Cz and C are defined from

the following equations[5’ 6, 34],

1 .
E= Emin+ 505(62 - gﬂln)2

: 1
E: %C'yfyz ( )

where Fnin denotes the the minimum energy and the
constants Cg and Cy can be extracted from the ener-
gies at different deformation points (For more details,
see Refs. [5, 6, 34]). As shown in Fig. 4, it is found
that the calculated stiffness coefficients exhibit irreg-
ular oscillating behaviors (Note that the stiffness con-
stant C'y <0 corresponds to a permanently v deforma-
tion, as discussed in Ref. [35]). However, several facts
agree well with the experimental observation. For in-
stance, the variation trend of C'g is in good agreement
with that of E02+ (it is usually suggested to be the
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Fig. 4 (color online) Calculated ground-state stiffness

parameters Cg (a) and Cy (b) towards (B2 and ~y
deformation degrees of freedom, respectively, for
even-even Ba (red square symbols) and Os (blue
circle symbols) nuclei.

bandhead built on the so-called [-vibrations with
K™ =07"). The available Es/FE(2]) ratios related to
the v deformation and E2; built on the ~v-vibrations

with K™ = 2% also have a consistent trend with C., 61
In addition, it is found that nuclear stiffness to a large

extent depends on the corresponding proton and/or
neutron magic numbers (e.g., the v or octupole defor-
mation magic numbers) rather than the mass regions.

The present TRS approach is a powerful tool in
the analysis of high-spin yrast states. However, it
does not include the vibration mechanism which usu-
ally appears in excited state sequences. It is noticed
that there is a rather large difference in moment of
inertia between theory and experiment in this region
even though the pairing strength is adjusted accord-
ing to the experimental odd-even difference (e.g., see
Refs. [3, 37]), showing the possible appearance of other
mechanisms by which atomic nuclei generate angular
momentum, such as vibration and single-particle ex-
citations. Indeed, the B and v vibration phenomena
have been systematically observed in this mass region,
e.g., in the W[SS], 05 and Pti*” isotopes. In or-
der to discern the shape and phase evolution between
vibrational and rotational structure in nuclei as a func-
tion of spin Regan et al. 361 have ever proposed a sim-
ple empirical method, called E-GOS (E-Gamma Over
Spin) curves. As done by Regan et al.[36], the typical
E-GOS curves for a perfect harmonic vibrator, y-soft,
and axially symmetric rotors are presented in Fig. 5(a)

------ Rotor (a)
Vibrator

\ @ Exp.
- - - -y-soft

wn
<
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2 32

150
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Fig. 5 (color online) (a) The typical E-GOS curves for
a perfect harmonic vibrator, ~-soft, and axially
symmetric rotors with first 27 excitations of 500,
300, and 100 keV, respectively®™®. Similar to (a),
three sets of such E-GOS curves at three selected
spin pionts I = 4, 12 and 20 A, together with the
experimental data (filled circles) for **?*Ba (b) and

105 (c).
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based on the energy of the first 27 state. Further,
if we assume that each energy level could be respec-
tively populated by the excitation of a pure vibrator,
an idealized v-soft rotor and an axially symmetric ro-
tor, we can obtain three corresponding E-GOS curves
through each spin point, as seen in Fig. 5(b) and (c)
(e.g., see Ref. [3, 4] for more details). Moreover, if this
assumption of the pure motion mode can be accepted,
the corresponding curve will cross some experimental
points. From Fig. 5, one actually can see for different
spin regions the E-GOS curves with different motion
modes may cross several adjacent data points, while
none of them can cross all the data, indicating the
motion modes change with increasing spins.

Based on this idea mentioned above, in our recent
work!® 4], we developed this traditional method, ex-
tending the E-GOS curves to the centipidelike E-GOS
curves, which means we just keep the corresponding
three curves from R(I) point to its next adjacent point
R(I+2). There is no doubt, one can suppose the adja-
cent data points have the greatest possibility to possess

the similar motion modes except for the band-crossing
point. There will be (not) a line segment connected the
adjacent two points if the motion mode is pure (mix-
ing). It is expected that such improved curves can
to an extent more precisely describe the vibrational,
~v-soft and rotational evolutions with increasing spins.
In Fig. 6, we show such typical centipidelike E-GOS
curves for several selected Ba and Os nuclei, indicat-
ing the evolutions of the motion modes to a large ex-
tent. Obviously, the y-soft and vibrational properties
should be taken into account to a large extent under
rotation. Of course, the corresponding stiffness param-
eters will be affected. It is found that, as expected, the
minimum of the corresponding energy curve generally
becomes soft when the transition from rotation to vi-
bration occurs while it becomes stiff when the transi-
tion from vibration to rotation occurs™. In the future,
it will be worth investigating the stiffness parameters
with non-zero rotational frequencies and the coupling
of different motion modes in this region.
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Fig. 6 (color online) The centipede-like E-GOS curves along the yrast lines for several selected Ba and Os nuclei.
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4 Conclusions

In conclusion, nuclear shape and stiffness evolu-
tions for even-even nuclei in 50 < Z < 82 region are
systematically investigated by using the NES calcula-
tion in the (B2,7,B4) deformation space. Our calcu-
lated results are compared with previous calculations
and available data. It is found that the well-deformed
nuclei have the relatively large stiffness parameters Cg
and C,, while in the transition or near-spherical re-
gion, the nucleus will be soft, are in agreement with
experiments. In the rotational cases, it seems that the
vibration effect should not be ignored, especially in the
transition nuclei. In addition, the nuclear stiffness in
a deformation degree of freedom (e.g., 7v) depends on
the distance to the corresponding magic number (e.g.,
~ magic number) to a large extent rather than the
mass regions(e.g., light or heavy mass regions).
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